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Abstract. We formulate a Serre-type conjecture for n-dimensional Ga- 
lois representations that are tamely ramified at p. The weights are pre- 
dicted using a representation-theoretic recipe. For n = 3 some of these 
weights were not predicted by the previous conjecture of Ash, Doud, 
Pollack, and Sinnott. Computational evidence for these extra weights 
is provided by calculations of Doud and Pollack. We obtain theoretical 
evidence for n = 4 using automorphic inductions of Hecke characters. 

1. Introduction 

Serre conjectured in 1973 that every two-dimensional irreducible, odd Ga- 
lois representation p : Gal(Q/Q) —>■ GL2{¥p) arises from a modular eigen- 
form. He later predicted that some such eigenform occurs in level Ti{N-{p)) 
and weight k'{p), where N'(p) is a prime-to-p integer measuring the ram- 
ification of p outside p, whereas k' (p) > 2 was defined by Serre in terms 
of the restriction of p to an inertia subgroup Ip at p using an essentially 
combinatorial recipe |Ser87| . This conjecture was finally proven by Khare- 
Wintenberger [KWaj . [KWbj . 

In this paper we consider n-dimensional irreducible, odd Galois represen- 
tations 

p : Gal(Q/Q) ^ GL„(Fp) 

(for "odd" see 1^). Ash, Doud, Pollack, and Sinnott [ASOO], [A DP02j 
conjectured that such p arise in the modp group cohomology ofTi{N^ (p)) < 
SLnClj), where -/V'(/o) is the analogue of the above. Eigenvectors in mod 
p cohomology under a natural Hecke action are the analogues of mod p 
modular eigenforms, with the coefficients playing the role of the weight. 
The basic set of ("coefficient") weights, the so-called Serre weights, are the 
irreducible representations of GL„(Fp) over Fp with ri(A^- (p)) acting via 
reduction mod p. It is thus desirable to describe the set of Serre weights 
in which p arises. This actually provides finer information than k' (p) when 
n = 2. For us it will be more convenient to let W{p) be the set of "regular" 
Serre weights (up to twisting this corresponds to excluding p + 1 among 
weights 2 < k < p + 1 when n = 2) in which p arises in some prime-to-p 
level (i.e., not just = N'{p); this is not expected to yield any further 
weights, just as when n = 2). 
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To state our Serre-type conjecture for the weights W{p) of p, we define a 
(DeHgne-Lusztig) representation V{p\jj^) of GL„(Fp) over Qp and an opera- 
tor TZ on the set of Serre weights. By V{p\ip) we denote the reduction of a 
GL„(Fp)-stable Zp-lattice inside V{p\ip) modulo the maximal ideal and let 
JH{—) denote the set of Jordan-Holder factors of a composition series. 

Conjecture 1.1. Suppose that p : Gal(Q/Q) — GLn{¥p) is tamely ramified 
at p. Then W{p) = n{JH{V{^)). 

Let us denote this conjectural weight set by W^{p\jj^), noting that it only 
depends on pli^. When p is no longer tamely ramified at p, i.e., pli^ no 
longer semisimple, one expects that ^W{p) C W-{p\f). 

When n = 3 and p\jp is tame, W^{p\ip) contains the set of regular Serre 
weights specified in |ADP0 2] (strictly in most cases); see thm. [7^ The set 
of all Serre weights is essentially the disjoint union of two subsets (according 
to the "alcoves" in the representation theory of algebraic groups in charac- 
teristic p) that are interchanged by TZ. If is moreover generic, W'^{p\ip) 
consists of 9 weights, 3 lying in the lowest alcove and 6 lying in the other, re- 
gardless of what fundamental tame characters pli^ involves (there are three 
possibilities). Note that the proportion of tame p\jp that are generic tends 
to 1 as p tends to infinity; for a precise definition of "generic", see (j6.25p . 
For any n we obtain an explicit description of W^{p\ip) for generic tame 
in terms of the geometry of alcoves, using results of Jantzen |Jan81j . 
|Jan05| on the decomposition of Deligne-Lusztig representations. Roughly, 
W' {p\ip) consists of n! weights, n to an alcove, together with certain higher 
translates. (The latter dominate once n > 4.) 

The evidence we obtain for the conjecture is of two kinds. First, when n = 
3, Doud and Pollack independently verified for us computationally (up to 
convincing bounds) for several explicit, tame p (taken mostly from |ADP02j ) 
that W{p) contains those weights predicted by conjecture [LI] but missing in 
the predictions of |ADP02] . Doud has moreover verified for some particular 
tame p that p arises in no regular weights outside W' {p\ip) (at least in level 
N^p)). 

Second, when n = 4 we produce many odd, tame p and Serre weights F 
such that F G W' {p\ip) nW{p) (see (fToTHD and (fTfTfl) for a precise descrip- 
tion of which pairs {p\ip,F) are obtained). Our method is to obtain first 
Hecke eigenvectors in group cohomology with complex coefficients from co- 
homological automorphic representations of GL4 /q whose associated p-adic 
Galois representation is known, and then to "reduce mod p." We use repre- 
sentations automorphically induced from carefully chosen Hecke characters 
over non-Galois quartic CM fields. The main limitations of this method 
are that essentially only the Serre weights lying in the lowest alcove can 
be lifted to characteristic zero (as representations of the ambient algebraic 
group GLn/q) — although weaker evidence for higher alcoves is obtained — 
and that the Serre weights have to satisfy a symmetry condition coming 
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from a corresponding condition on the infinity type of cuspidal, algebraic 
automorphic representations of GLn/Q [Clo90[ p. 144]. The argument also 
goes through for GL2m with m > 2 whenever the required automorphic in- 
ductions are known to exist. We remark that for n = 3 a similar method 
was employed in |ADP02l §4] using symmetric square liftings of modular 
forms. 

We also show that conjecture 11.11 is compatible with other conjectures. 
On the one hand we verify for generic tame pli^ the compatibility with a con- 
jecture of Gee predicting a certain closure property of W^{p\ij^) (see ()9.ip ). 
On the other hand we show that the predicted weight set in the Serre-type 
conjecture of Buzzard, Diamond, and Jarvis [BDJ] (in many cases a theorem 
of Gee) for two-dimensional, irreducible, totally odd, mod p representations 
p of the Galois group of a totally real field that is unramified at p can be 
expressed completely analogously to conjecture 11.11 in the tamely ramified 
case (restricting to regular weights). This contrasts with the result of Di- 
amond |Diaj that in this case, the conjectural weight set itself (at a prime 
dividing p) is essentially equal to the Jordan-Holder constituents of the re- 
duction "mod p" of an irreducible characteristic zero representation. The 
possibility of relating the set of Serre weights of p to the reduction of char- 
acteristic zero representations in two ways (with or without TZ) reflects the 
fact for n = 2 there is just one relevant alcove. For n > 2 an operator like TZ 
is "necessary," as TZ interchanges alcoves with different numbers of predicted 
Serre weights. 

Unfortunately we were unable to formulate a conjecture including the 
non-regular Serre weights of p, but we expect more complicated boundary 
phenomena based on considerations of local crystalline lifts. We were able 
to account for all weights predicted by the conjecture of Buzzard, Diamond, 
and Jarvis in the tame case by using a multi-valued extension of TZ (see 
thm.dOl). 

Finally let us remark that we formulated many parts of this paper for 
groups more general than GLn in the hope of its future usefulness. We will 
in fact apply some of the results in the case of GSp4 in forthcoming work 
with Jacques Tilouine [HTj . 

The paper is structured as follows. In §53H5]we review the relevant rep- 
resentation theory of GLn(Pq) (and more general groups) and Jantzen's re- 
sults on the decomposition "mod p" of Deligne-Lusztig representations. In 
^we define TZ, V{p\i^), state the conjecture in (j6.9p and discuss its generic 
behaviour. ^ is devoted to a detailed comparison with the conjecture of 
Ash, Doud, Pollack, and Sinnott when n = 3. We list the computations of 
Doud and Pollack providing numerical evidence in ^ The following sec- 
tion contains the generic compatibility result with the conjecture of Gee. 
In ^101 we obtain evidence for the conjecture from automorphic representa- 
tions of GL4, and in ^lll we discuss the compatibility with the conjecture of 
Buzzard-Diamond- Jarvis . 
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2. Notation 

Throughout, p denotes a prime number and q = p^ ■ Fix an algebraic 
closure Qp of Qp and denote by ¥p its residue field. For all n, let Q^n c Qp 
denote the unique subfield which is unramified and of degree n over Qp and 
let Fpn C Fp denote the unique subfield of cardinality p^. 

Fix an embedding Q — Qp, and let Gp (resp. Ip) denote the corresponding 
decomposition group (resp. inertia group) in Gq = Gal(Q/Q). A (choice of) 
geometric Frobenius element at I will be denoted by Frob^. We will normalise 
the local Artin map so that geometric Frobenius elements correspond to 
uniformisers. Let ~ : Fp — Qp denote the Teichmiiller lift. 

All Galois representations we consider are assumed to be continuous. 
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2.1. Hecke pairs and Hecke algebras. We will generally use the same 
terminology as Ash-Stevens |AS86j . but prefer left actions for our modules. 
Thus a Hecke pair is a pair (F, 5) consisting of a subgroup T and a subsemi- 
group S of a fixed ambient group G such that 



(ii) r and sTs ^ are commensurable for all s ^ S. 

The Hecke algebra TiiV, S) consists of left F-invariant elements in the free 
abelian group of left cosets sT {s G S), with the usual multiplication law: 



where Oj, bj G Z, Sj, tj G S. In particular, any double coset TsT = Y[- SjF 
(a finite disjoint union) becomes a Hecke operator in 7i(r, S) in the natural 
way; it is denoted by [TsF]. If M is a left S*- module (over any ring), the group 
cohomology modules H'{T,M) inherit a natural linear action of 7i{T,S). 
This action is (5-functorial, i.e., long exact sequences associated to short 
exact sequences of S'-modules are Ti.{T, 5)-equivariant. It is thus determined 
by demanding that 



for all s £ S, m £ H^(T,M). It is also possible to explicitly describe the 
action on cocyles in any degree (see |AS86| . p. 194). 

A Hecke pair (Fq, Sq) is compatible with (F, S) if Fq C F, 5o C 5, SqT = S, 
and F n Sq^Sq = Fq. In this case, it is easy to check that there is a natural 
injection 



induced by restriction from the map on left cosets sending sqT ^ sqTq 
(so G ^o). 

It will moreover be convenient to introduce a stronger relation. Let us say 
that two compatible Hecke algebras (Fo,5'o), (F,5) are strongly compatible 
if FsqF = FqSqF for all sq G Sq (equivalently, F = Fo(F n sqFsq ^) for all 
So £ Sq). It is easy to see that this is precisely the condition to make 
the induced injection on Hecke algebras an isomorphism. Note that this 
isomorphism identifies [FsqF] with [FoSqFo] for all sq £ Sq. 

3. Representations of GL„(Fg) in characteristic p 

In this section we will review some relevant results of the modular repre- 
sentation theory of groups like GL„(Fg). The main reference is |Jan03j . 

3.1. Generalities. Let Go be a connected, split reductive group over Fp 
and let G = Gq xjt^ Fp. We will consider G as defined over ¥q. We start 
with a model over Fp in order to have at our disposal the p-power relative 
Frobenius morphism Fp : G ^ G obtained as base change of the absolute 
Frobenius morphism of Go. 



(i) TcS. 



^ai(sjF)^6j(tjF) = y^^aibjjsitjV) 




H(F, S) W(Fo, 5o) 
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Let r C G be a maximal torus defined and split over with character 
group X{T). Let R C X{T) be the set of roots of {G,T). For any a £ R, 
denotes the associated coroot. Choose a set of positive roots R'^ and let 
ai denote the simple roots. By B D T we denote the corresponding Borel 
subgroup and by B~ the opposite Borel. Let W = N{T)/T be the Weyl 
group of {G,T) and X(T)^ the monoid of dominant weights with respect 
to our choice of positive roots. 

W acts on X{T) via {w,n) h-s- /x o w^^. It will be useful in the following 
to also use a modified action. Choose p' G ^ X^Qg_R+ + {X{T) Q)^ and 
define the "dot action" of W by 

(3.1) w X := w{X + p') - p' . 

Of course, this is independent of the choice of p'. Note also that (/?', a^) = 1 
for all i. (In the literature, usually p' = ^ YlaeR+ used and denoted by 
p. We prefer to reserve the letter "p" for a more convenient choice of p' in 
the case of G = GL„ (fUTTB .) 

Any A G Xi^") can be considered as character of B~ via the natural 
map B^ T. For A G X{T)^ the (dual) Weyl module W{X) is defined as 
algebraic induced module: 

(3.2) VF(A) =ind|_(Fp(A)) 

= {/ G Mor(G,Ga) : f{bg) = X{b)f{g)^g eG,be B'}. 

(For non-dominant A, this induced module is zero.) This is a finite-dimensional 
Fp-vector space, which becomes a left G-module in the natural way: 

{xf){9) = figx) yg,xeG; feW{X)}. 

Let F{X) := socgW^(A) (the socle of the Weyl module, as G-module). 

Theorem 3.3. The set of simple G-modules is {F(A) : A G X{T)+}. If 
F{X) ^ Fip) (A, p G XiT)+) then X = p. 

More generally, considered in the Grothendieck group of G-modules we 
can extend the definition of Weyl module to all of X{T) |Jan03t II. 5. 7]: 

H^(A) = j;(-l)^(i2Mndg_)(Fp(A)). 

i 

(If A is dominant, only the z = term is non-zero, so this agrees with the 
previous definition.) The context should always make it clear whether VF(A) 
refers to a genuine representation (and A dominant) or to an element of the 
Grothendieck group. The formal character is given by the Weyl character 
formula [Jan03l II.5.10]: 

(3.4) chiy(A) = E..H-det^-e(MA + pO) ^ w_ 
^ ' ' E«,eH/detw;-e(u;(/50) ^ ^ 

Here e(A) G Z[X(T)] denotes the weight A considered in the group algebra. 
In particular it follows that 

(3.5) W{w • A) = det{w)W{X), 
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and in turn that Ty(A) = if and only if A + p' lies on the wall of a Weyl 
chamber, whereas in all other cases, this formula allows to express Ty(A) as 
ibPF(A+) with A+ dominant. 
Note also that the map 

ch : {G-modules} ^ Z[X(T)]^ 

induces an isomorphism between the Grothendieck group of G-modules and 
Z[X(T)]^ |.Tann31 II.5.8]. 

Definition 3.6. 

X°(r) = {A G X(T) : (A, a^) = Va G R}. 

The set of q-restricted weights is defined to be: 

Xr{T) = {A G X{T) : < (A, a^) < q = for all simple roots a}. 

Remark 3.7. Note that X^{T) = X{T)^ , by looking at the basic reflec- 
tions Sa (a G R) generating W . If u ^ X^{T) then W{i') = F{v) is a 
one- dimensional representation with character e{v) by the Weyl character 
formula. From (I3.2p we get for fi G X(T)_|_, 

W{fi + W{fi) W{u), F{fi + F{fi) F{u). 

Proposition 3.8 (Brauer's formula). -(/^^jgx(T) ^ 1j[X{T)]^ , then 

for all X£ X{T), 

For the simple proof, see for example |Jan77l §2(1)]. 

For any i > and any G- module V, corresponding to a homomorphism 
r : G ^ GL{V), define a new G-module V^''^ which equals V abstractly but 
whose G-action is obtained by composing r with Fp. 

Theorem 3.9 (Steinberg). Suppose A = ^I^qXiP^ with Aj G Xi{T). Then 
F{\) ^ F(Ao) F(Ai)W ... F{Xr)^'-\ 

For a proof using the representation theory of Frobenius kernels see |Jan031 
II.3.17]. 

Now we can state the classification theorem for irreducible modular rep- 
resentations of Go(Fq), under a further condition on G. This version is a 
slight extension of the one in |Jan87t app. 1], where in addition G is assumed 
to be semisimple. 

Theorem 3.10 ( | JanOSj ) . Suppose that G has simply connected derived 
group (e. g., G = GL„). 

(i) If X £ Xr{T), F{X) is irreducible as representation ofGo{¥q). Any 
irreducible representation of Go{¥q) overFp arises in this way. 

(ii) F{X) = F{fj,) as representation of Go{¥q) if and only if X — jj, G 
{q-l)X%T). 
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3.2. Alcoves and the decomposition of Weyl modules. For any a ^ R 

and any n G Z consider the affine reflection on X{T) (8) M, 

Sa,npW = A - ((A + p', a^) - np)a. 

These generate the affine Weyl group Wp := pT^R xi W, defined with respect 
to the natural action of W on Zi?, which we identify with its image in the 
group of affine hnear automorphisms of X{T) M as follows: 

{pv, w) ■ X := w ■ X + pv 

(using the dot- action (j3.ip ). We will moreover set Wp := pX{T) xi W . For 
a £ R and any n G Z denote by 

(3.11) Ha,np = {X-{X + p',a'')=np} 

the hyperplane fixed by Sa,np- 

Definition 3.12. An alcove is a connected component of the complement 
of these hyperplanes in X{T) M. 

In particular there is the "lowest alcove" 

Co = {X:0<{X + p',a^) <p VaG/?+}. 

It can easily be checked that Wp and even Wp map alcoves to alcoves; in 
fact, Co is a fundamental domain for the M^p-action. 

Definition 3.13. An alcove C is restricted if it is contained in the restricted 
region 

(3.14) Ares = {X:0<{X + p',a'^) <p Vi}. 

An alcove C is dominant if it is contained in 

{A : < (A + /j',ay) Vi}. 

Note that the restricted region A-^^g is related to the set of p-restricted 
weights ()3.6p as follows: 



x{T) n Ares c Xi{T) cX{T)n A 



Also, it is clear from the definition that A^es is a union of closures of alcoves. 
Definition 3.15. 

(i) Suppose that X, p, £ X{T). We will say X ] p if there exist Si := 
Sai,pni S Wp with Oi G R, Ui £ Z for 1 < i < r such that 

X < Si ■ X < S2S1 • X < ■ ■ ■ < Sr ■ ■ ■ Si • X = p. 

(ii) Suppose that CoPl A(T) 7^ 0. Given alcoves C, C , pick X G C and 
let X' be the unique element of Wp ■ XoC . Then 

C t C' X T A'. 
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Note that 

A t ^ =^ X < fj. and A G Wp • ^ 

but the converse does not hold in general. One verifies that the second 
part of the definition is independent of the choice of A. There is a natural 
definition even if Co contains no weights jJan03l II. 6. 5]. In any case, Co is 
the lowest dominant alcove with respect to t. If C t C we will also say that 
C lies below alcove C and C above C. 

The following result, the so-called "strong linkage principle" of Jantzen 
and Andersen |Jan031 II. 6. 13], is crucial in the representation theory of 
reductive groups in prime characteristic. 

Proposition 3.16. Suppose that X, fi £ X{T)+ and that F{X) is a con- 
stituent ofW{fi). Then A j /i. 

3.3. The case of GL„. To apply these results to GL„, let T be the diagonal 
matrices and B the upper-triangular matrices. Denote by G ^(T) the 
character 



and we identify X{T) with Z", also writing (ai, 02, . . . , an) for ^ ajej. Then 
R = {ei — ej : i ^ j} and the simple roots are given by = — ej+i for 
1 < i < n — 1. The coroot (ej — e^)^ for i ^ j then sends t to a diagonal 
matrix whose only entries are I's except for a t in the (z,z)-entry and a 
in the (j,j)-entry. We will identify W with Sn so that w{ei) = e^i^iy 

Then X^{T) = Xr{T) = {(ai,...,a„) : < m - m+i < 

q — 1 Vi}, (oi, . . . , an) is dominant if and only if ai > • • • > a„. We may 
choose p' = (n — 1, n — 2, . . . , 1, 0). 

Corollary 3.17. 

(i) The irreducible GLn-modules over ¥p are the F{ai, . . . ,an), ai > 
• • • > a„. _ 

(ii) The irreducible representations of GLn{¥ q) over^p are the F{^a\^ • • • ? ^n)? 
< Cj — Oj+i < q — l\/i. F{ai, . . . , a„) = F{a[, . . . , a'n) if and only 

i/ (ai, . . . , o„) - (a'l, . . . , a'„) E (g - 1, . . . , g - l)Z^ 

(iii) Any irreducible representation of GLn{¥q) over¥p can be written 
as 

for unique irreducible representations Mi = F{Xi) with Aj G Xi(T). 

The number of restricted alcoves is (n — 1)! (see p. \T^i . 

Suppose that n = 2. The only restricted alcove is Cq = {(a, 6) S : — 1 < 
a-b<p-l}. If (a, b) e Xi{T), we claim that F{a, b) ^ Sym"-''Fj det^ 
First note that F{a,b) = W{a,b) by the strong linkage principle (j3.16p . 
For any homogeneous polynomial F of degree a — b, [xlxl] ^ (X1X4 — 
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X2X3)''F{xi,X2) is in W{a,b) and these elements form a subrepresentation 
isomorphic to Sym"~^Fp det*. By irreducibihty the claim follows. 
Suppose that n = 3. The two restricted alcoves are the "lower alcove" 

Co = {{a,b,c) eR^ : -1 < a - b, b - c and a - c < p - 2} 

and the "upper alcove" 

Ci := {{a,b,c) eM.^ : p- 2 < a- c and a-b, b-c<p-l}. 

Proposition 3.18 (Jantzen). Suppose that {a,b,c) £ Xi{T). 

(i) // (a, b, c) is in the upper alcove then there is a (non-split) exact 
sequence 

F{a, b, c) W{a, b,c) ^ F{c + p - 2,b,a - p + 2) ^ 0. 

(ii) Otherwise, i. e., if {a,b,c) is in the lower alcove or on the boundary 
of the upper alcove, F{a, b, c) = W{a, b, c). 

Notation: '"(a, b,c) = {c + p — 2,b,a — p + 2). 

Proof, (ii) follows from the strong linkage principle (j3.16p . (i) is a conse- 
quence of prop. II. 7. 11 and lemma II. 7. 15 | Jan03j : let A = (a,6, c). Then 
'^A = (c + p — 2,b,a — p + 2) is the unique weight which is strictly smaller 
than A in the |-ordering of X(T). Pick a weight in the upper closure of 
the lower alcove, but not in the lower alcove itself (e.g. fJ- = (p — 2,0,0)), 
and apply the translation functor T/^ to the identity of formal characters 

diW{X) = chF(A) + mchFf A), 

which holds for some integer m by the strong linkage principle, to deduce 
that m = 1. □ 

Suppose that n = 4. Here is a list of all dominant alcoves below the top 
restricted one (C5). They consist of all (a, 6, c, d) — p' € (X> M = 

satisfying respectively: 



Co 


< a- 


b, 


b — c, 


c — d; a — 


d<p, 


Ci 


0<b- 


c; 


p < a 


— d; a — c, 


b — d < p, 


C2 


< c- 


d; 


p < a 


— c; a — b, 


b — d < p, 


C3 


< a- 


b; 


p <b 


— d; c — d, 


a — c < p, 


C4 


p < a — 


c, 


b-d; 


b — c < p; 


a — d < 2p, 


C5 


2p < a 


- d; a — 


b, b — c, c - 


-d<p, 


Co' 


0<b- 


c, 


c — d; 


p < a — b; 


a — d < 2p, 


Co" 


0<a- 


b, 


b — c; 


p < c — d; 


a — d < 2p. 



The first six alcoves in this list are the restricted ones. The |-ordering on 
the above eight alcoves of CL4 is generated by0tltit4|5(i = 2, 3), 
2 T 0' T 5, and 3 T 0" T 5. 

The constituents of W{X) for A G Xi{T) are known by | Jan74) . 
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4. Representations of GL„(Fg) in characteristic zero 

The aim of this section is to recall relevant facts about the ordinary rep- 
resentations theory of GLn{Vq). Since it will be convenient for reduction 
later, we will work over the field Qp. 

4.1. Deligne-Lusztig representations. We allow G to be slightly more 
general than in the previous section: G = GoX-g^Wp for a connected reductive 
group Go over F^. We will identify a variety over ¥p with the set of its Fp- 
rational points. Let F denote the relative (g-power) Frobenius morphism, 
so G^ = Go(¥q). We assume that the maximal torus T is F-stable (not 
necessarily split over ¥g). 

To each pair (T, 6) consisting of an F-stable maximal torus T and a ho- 
momorphism 6 : Qp , Deligne-Lusztig |DL76j associate a virtual rep- 

resentation Rj of G^ (defined in terms of the etale cohomology of a variety 
over ¥p having commuting T^- and G^-actions). We will recall the relevant 
facts, together with Jantzen's parameterisation [JanSH 3.1], |Jan051 A. 7]. 

Given w € W, by Lang's theorem there is a g'^ e G such that g^^F{g^) 
is a lift of w in N(T). Then := is an F-stable maximal torus, well 
defined up to G-^-conjugacy. Two elements w, w' ^ W are said to be F- 
conjugate iiw = a~^w' F{a) for some a ^ W (note that the natural F-action 
on W is trivial if G is split over ¥q). The map sending w £ W to Tw induces 
a bijection between F-conjugacy classes in W and G^-conjugacy classes of 
F-stable maximal tori. We say that the type of is (the F-conjugacy class 
of) w. 

If /X e X{T) let 

(Recall that ~ denotes the Teichmiiller lift.) Form the semi-direct prod- 
uct X{T) X W where w £ W acts on ^ G ^iT) as F{w){fi). The group 
X{T) xiW acts on the set W x X{T) as follows: 

(u;,/x) = {awF{a)-^,afi + F{u) - awF{ay^ij). 

In particular if G is split over ¥q, W acts on X(T) in the natural way and 
the X(T) X Vl^-action becomes 

(4.1) (u;,/i) = {awa-\afi + (q - awa~^^)i^). 

We will also use the notation {w^^) ~ {w',iJ,') for elements of x X{T) in 
the same X{T) x VF-orbit. 

Lemma 4.2. 

W X X{T) ^ {pairs (T,^)} ( virtual representations 
X{T) X W ~^ G^-conjugacy ^ \ of G^ over Qp 
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where EG = (-l)V>-ank(G) ^ If{Tu9i) are not -conjugate, then {Rj\, R^j\) = 
0. 

Following Jantzen, we denote the image of {w, /x) under the composite of 
these maps by The choice of sign ensures that the character value 

at 1 is positive. 

Proof. It is elementary to establish the bijection (the key point is [DM91] 
13.7(i)]). [PL 761 6.8] implies that the second arrow is well defined and the 
claim about orthogonality which, in turn, entails the injectivity. □ 

4.2. The case of We let G = GLn and keep the notations of §3.31 

For any decomposition n = Ui with nj > there is a corresponding 

"parabolic" subgroup P.fi{¥g) in G^ = GLn{¥q) consisting of matrices with 
Hi X Hi square blocks along the diagonal (in that order) with arbitrary entries 
above the blocks and zeroes below. 

Definition 4.3. Suppose that n = Yll=i ^« ^'^^ f'^''" eac/i i, ai is a represen- 
tation of GLn-(¥q). We define the parabolic induction of the o"j to be 

PInd((Ji, ... ,ar) ■■= Indp_^^'j^^^'^'''' (cJi ar). 

It is independent of the order of the {ni,ai). An irreducible representa- 
tion vr of GLni^q) (over Qp) is called cuspidal if vr does not occur in any 
parabolic induction PInd(cJi, . . . ,ar) with r > 1. For any vr there is a set 
Supp(7r) = {(Ti, . . . ,o"r} uniquely determined by demanding that vr occurs 
in PInd(c7i, ...,ar). (See e. g. [Bu5l97] . ex. 4.1.17-20.) 

If //A; is an extension of finite fields and A an abelian group, we say that 
a homomorphism A is k-primitive if it does not factor through the 

norm map ^ for any intermediate field k G ko C. I. More generally, 
for extensions k/k we say a homomorphism Y\l^ A is k-primitive if each 
component —>■ A is. 

Lemma 4.4. Suppose that w & W is an n-cycle. Since = T^^ via Qw, 
there is an identification — > F^n, determined up to the action of the 
q-power map. Then 

{¥q-primitive] ^ \ cuspidal representations 

^ C r ~ ^'') I GLn{¥q) over % 

(4.5) [9] ^ (-l)"-'<. 

Proof. Note that as w is an n-cycle, has Fg-rank one and hence is not 
contained in any proper F-stable parabolic subgroup. Also, no non-trivial el- 
ement of {N{Tw) /Tyj)^ (a cyclic group of order n) fixes 6*, as 6 is F^-primitive. 
Then (5.15), (7.4) and (8.3) of |DL76j show that i?^(/i) is cuspidal. 

The map is well defined and injective by lemma [421 noting that the G^ 
conjugacy class of the pair {Ty^,9) determines 9 up to (A^(T^)/T^)^, i.e., up 
to g-power action. 
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For surjectivity we use |Spr70a| . First note that a character is in the 
discrete series in Springer's nomenclature |Spr70b §4.3] if and only if it is 



cuspidal |Car85l 9.1.2]. Theorems 8.6 and 7.12 in |Spr70a| show that the 
cuspidal characters are precisely the ones denoted there by Xn{4')i for F^- 
primitive characters ^ : F^„ Qp (and ¥^„ naturally embedded in G'L„(Fg); 
the image is denoted by in Springer's notes), with Xni4') = Xn[4>') if 
and only if is in the g-power orbit of (j)' . As the two constructions yield 
the same number of cuspidal representations and Springer shows that he 
constructs them all, we are done. (It is true that Xn{4>) = (— 1)"""'^^?^ 
[HerOGl §2.1].) □ 

Definition 4.6. Denote the cuspidal representation parameterised by by 
k{6). It follows from lemma that it is independent ofw. 

Lemma 4.7. Suppose that w ^ W = S'„. Write {l,...,n} = ]J iSj as 

disjoint union of orbits under the action of w and let Ui := i^Si. Via Qw 
there is an identification — > W F^n, , well defined up to the action of the 

q-power map on each component. Suppose that 9 : —>■ is ¥q-primitive, 



and denote by 6i : F^n. — )• its i-th component. Then 

l4^^Flnd{K{9i),...,K{er)). 

Proof. First let P be the parabolic subgroup consisting of x E GL„ with 
^a,f3 = whenever a £ Si, (3 G Sj and i > j. Similarly let L be the 
Levi subgroup of P defined by Xa,f3 = if i ^ j. Then Py^ = g^Pg'^^ 
is an F-stable parabolic subgroup containing (as P is wF-stable) , and 
Lw = gwLg^^ is an F-stable Levi subgroup. From |DL76t 8.2], 



Hrr — Ind nj? (Hrr P ) 

where the Deligne-Lusztig representation R^^ is computed inside and 
which becomes a representation of P^ via P^ L^. 

But as £ L, without loss of generality g^ G L (Lang's theorem) in 
which case L = L^, P = P^ and P^ is GL„(Fq)-conjugate to P^(Fg) con- 
sidered above. Finally L decomposes as Yl GL^ (as Fg-group) compatibly 
with the decomposition of w and 9. An application of Kiinneth's theorem 
yields the result. □ 



5. Decomposition of GL„(Fg)-REPRESENTATiONS 

Suppose that V/Qp is a finite-dimensional representation of a finite group 
F. Then we can define the (semisimplified) reduction of V "modulo p" to be 
V := (M/m-^^My for any F-stable Zp-lattice M CV. This is a semisimple 

representation over Fp which, by the Brauer-Nesbitt theorem, is independent 
of the choice of M. 
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5.1. Jantzen's formula. In order to state Jantzen's theorem on the de- 
composition of Dehgne-Lusztig representations mod p in the special case of 
GLn, we will need to introduce some notations. 

As G' = SLn is simply connected, for any simple root a there is a G 
X{T) such that = 5af3 for all simple roots a, j3. These are unique 

up to X°(r); in fact, X{T) = X'{T)®X^{T) where X'{T) is the sublattice 
spanned by the uj'^. A possible choice is oj'^. = ei + • • • + (1 < i < n — 1). 
Note that A^es (|3.14p is a fundamental domain for the translation action of 
pX'{T) on X{T) (g) R. Hence for any a there is a unique p'^ £ X'{T) 
such that (T • Co + pp'fj is a restricted alcove. A simple argument shows that 

(5.1) p;= E ^'^ 

a simple 
(t-1{q)<0 

|Jan77l lemma 1]. Denoting the longest Weyl group element by wq we define, 
compatibly with ^ 

a simple aGiJ+ 

Let := a^^ p'^ and define 

iyi = {cTGiy :a-Co+pp;, = Co}. 

Via the dot action, W acts on the set of alcoves modulo translations by 
elements of pX'{T) (equivalently, on the set of restricted alcoves). The 
stabiliser of Cq is Wi by definition, and we see that the number of restricted 
alcoves is iW : Wi). It is not hard to see that Wi is generated by (1 2 ... n) 
(with the notations of so that there are (n — 1)! restricted alcoves. (For 
the root system of a simply connected group, Wi is isomorphic to the root 
lattice modulo the weight lattice; see |Jan77| . lemmas 3 and 2.) 
It is known, due to a theorem of Hulsurkar, that the matrix 

(det(r) c\iW{-e'^^„ + e'^ - p'))a,r^w 

with entries in Z[X(T)]'^ is upper triangular with respect to some ordering 
of W (not unique). It is easy to see that its diagonal entries are invertible, 
as the highest weight of the Weyl module is in X^{T) \i a = t. Denote by 
7^ ^ the entries of the inverse matrix. These depend on the choice of the u;^ 
(in a simple way). 

Not very much seems to be known about the matrix (7^^); it is known 
to be diagonal if and only if n < 3. 

Theorem 5.2 ( |Jan05l cor. 4.8]). In the Grothendieck group of GLn{¥q)- 
modules, 

Rw{p + p')= E "f'a,TW{(J-{p-w£l^^)+qp^). 

a,TeW 
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Remark 5.3. The formula is easily seen to be independent of the choice 
of the uj'^. On the other hand, the left-hand side depends only on the 
X(T) XI W -orbit of {w,ij, + p') (14. 2[) which is not obvious on the right-hand 
side. 

Remark 5.4. This theorem holds, in fact, for G as in theorem \3.10\ fJan05]. 

Originally Jantzen proved the analogue of this theorem for simply- connected, 
quasi-simple groups defined and not necessarily split over a finite field |Jan81| . 
In fact, the above formula nearly follows from the one for SLn : each ingre- 
dient in the formula restricts to its counterpart for SLn- The only loss of 
generality is that for an irreducible representation F of GLn(¥q) appearing 
as Jordan-Holder constituent of RwifJ- + p'), F\sLn{¥q) determines F only 
up to determinant-power twist. Taking into account the central character of 
RwifJ- + p')j P ^-5 determined up to a twist by det^' for integer multiples r 
of {q — l)/n. Thus if gcd{q — l,n) = 1, the formula follows from the one 
for SLn. In general the formula for GLn is determined by demanding that 
it restricts to the one for SLn and that all highest weights occurring are 
polynomials in q with coefficients in 'Z[X{T)]. 

Let us analyse the statement of Jantzen's formula a little when q = p. 
Notice first that a typical highest weight appearing, a{fi — we'^^^) +pp'„ — p', 
is a small deformation oi a ■ p + pp'^. If p lies in alcove C, the latter weight 
is contained in alcove a ■ C + pp'^ . This alcove is automatically restricted if 
C = Co, which can always be achieved, up to a small error, by varying {w, p) 
(see (|4.ip ). We will continue to assume that p lies in a small neighbourhood 
of Co. 

To use Jantzen's formula to find the complete decomposition of Rw{p) 
into irreducible GL„(Fp)-modules, we use Brauer's formula (j3.8p to express 
each ^'^^^W{\) as a linear combination of Weyl modules, thus 

Rw{p) = ""^^ o-uW (u) , some G Z. 

There is a small neighbourhood of the restricted region which contains all 
V occurring in this expression. Any non-dominant W{iy) can be converted 
into a dominant one using (j3.5p . Next, one has to decompose each VF(z^) 
as GL^-iiiodule. This is a difficult problem which has not been solved in 
general but in any case the possible highest weights of constituents are 
controlled by the strong linkage principle. In particular, these are close to 
the boundary of their alcove if the same is true for z^. 

Finally to decompose these as representations of GL„(Fp), one uses the 
Steinberg tensor product theorem (13. 9p and Brauer's formula (13. Sp . noting 
that the Frobenius endomorphism is trivial on GL„(Fp). 

5.2. The generic case (q = p). In generic situations Jantzen found a 
way to describe the Jordan-Holder constituents of Rw{p + p') (including 
multiplicities) in terms of the constituents of a certain induced module of 
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GrT C G {Or being the kernel of the Frobenius morphism F). When r = 1, 
that is when q = p, — and if we disregard multipUcities which will not concern 
us anyway — this can be made completely explicit due to a result of Ye. 

Note first that alcoves for varying p can naturally be identified with each 
other: using the isomorphism X(T) ® R — X{T) W, n — p' fi/p — p', 
alcoves are described independently of p. For example, we can identify the 
lowest alcove Co for each p. 

We will say that p £ X{T) lies 6-deep in an alcove C if 

(5.5) HaP + 6 < {p + p , a^) < {ua + l)p — 6 Va G 

where C is the alcove determined by putting 5 = in these inequalities 
€ Z). A statement in which p is allowed to vary is said to be true for p 
sufficiently deep in some alcove C if there is a 5 > 0, independent of p, such 
that the statement is true for all 5-deep p £ C. 

Proposition 5.6. Suppose that C is an alcove and that p G X[T) lies suf- 
ficiently deep inside C. Then the Jordan-Holder constituents of Rw{p + p') 
are the F{X) with A restricted such that there exist a G W , u G X[T) with 
a ■ {p -\- {w — p)^) dominant and 

(5.7) a ■ {p+ {w - p)v)] wq- {\-pp'). 

Remark 5.8. Note that A t— )■ wo-{\—pp') induces a bijection on Ares (I3.14P . 

Proof. Note that possible values of the left-hand side of (j5.7p are precisely 
the weight coordinates in the X{T) x H^-orbit of (u;, ^ + p') shifted by —p'. 
Thus, without loss of generality, C = Cq. Let 

Di = {ueWp:u- pe Xi{T)}. 

The generalisation of Jantzen's result |Jan81l 4.3] to GL^ is the following 
identity in the Grothendieck group of GL„(Fp)-representations, valid for p 
sufficiently deep in Cq: 

(5.9) R^ip + p') = ^ [Zi{p-pv + pp') -.Liiu- p)]F{u-{p + wv)). 

u€Di 
u&X{T) 

(The proof generalises without difficulty. See |Jan051 2.1(3)] for the gener- 
alisation of [JanSH 4.1(1)]. Note also that for GL^ no weight in an alcove 
is fixed by a non-trivial element of Wp under the dot action.) Here .^i(A) 
and -^^i(A) for A G X{T) denote GiT-modules as in |Jan03t §11.9], the latter 
being simple. 

In order to apply the result of Ye, we will work with SLn in this paragraph. 
Choose a G W such that a{p—pu+p') is dominant. Then by |Jan031 II. 9. 16], 

(5.10) [Zi{p - pu -\- pp') ■.Li{u- p)] = [Zi{a ■ (p - pu) +pp') : Li{u ■ p)]. 
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This integer is non-zero if and only if 



(5.11) 



a - {ii-pv)] wqu ■ /i + - P) 

= wq-{u- fi-pp'). 



(The "if" imphcation is due to Ye, as u- fi does not he on an alcove wall, the 
"only if" implication is much easier and is even true for GLn- See |Jan03t 
II. 9. 16].) As the left-hand side is in X(r)_|_ — p' and the right-hand side is in 
the closure of the restricted region, there are only finitely many choices of 
for which this relation can be true (for any allowed a eW and any p) . Thus 
by making p lie still further inside Cq we may assume that p + wu £ Cq 
for all such i/. As mentioned just after ()3.15p . we may replace both sides by 
weights in the same alcoves as long as they remain in the same Wp-orbit. 
We claim thus that 

(5.12) a ■ {{p + wv) — pu) ] wq ■ {u ■ {p + wu) — pp). 

This is easily verified since we can without loss of generality assume that 
p > n in which case Wp fixes no weight in an alcove (for SL^). 

Comparing with (j5.9p , this completes the proof except that we have to ver- 
ify the equivalence between the multiplicity (jS.lOp being non-zero and (j5.12p 
also holds for GL„. One observes first that ^i(A) and Li{X) restrict to the 
corresponding objects for SLn- this uses that GiT = xTxUi as schemes 
|Jan03 . II. 9. 7] and that these modules have a central character. The "only 
if" implication already holds by the above argument. For the "if" implica- 
tion note that 



because by [JanSl^ II. 9. 15], any constituent of Zi{X') is of the form Li{v') 
for some v' E Wp ■ \' (even v' t A'), the stabiliser of A' in the affine Weyl 
group is trivial and since the natural projection X{T) — X{T r\ SLn) maps 
alcoves for GLn to the ones for SLn compatibly with the action of the affine 
Weyl group. It is thus enough to see that (j5.12p . equivalently (15.111) . entails 

u ■ p eWp ■ [a ■ {p - pv) + pp') . 

But this is immediate as (r - l)X(r) C ZR iov t £W. □ 



From now on we will assume that n > 1. 

6.1. Serre weights. The representation-theoretic analogue of the weight 
in Serre's Conjecture is the following [ASOOj . |BD J] . 

Definition 6.1. A Serre weight is an isomorphism class of irreducible rep- 
resentations of GLn(¥p) over ¥p. By (I3.17p . a Serre weight is of the form 
F(ai, 02, . . . , an) with < Oj — Oj+i < p — 1 for all i. It is called regular if 
< aj — aj_|_i < p — 1 for all i. 



for 
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Note that the number of Serre weights is ^{p — 1), which equals the 
number of semisimple conjugacy classes in GL„(Fp). 

6.2. Hecke algebras. Fix a positive integer with {N,p) = 1. Let ri(A^) 
be the group of matrices in SLn{'^) with last row congruent to (0, . . . , 0, 1) 
modulo A^. Also let Si{N) be the group of matrices in GL^CZf^N)) with 
last row congruent to (0, ...,0, 1) modulo A^ and let ^((A^) = Si{N) n 
GL^(Z(^p)). Here Z(7v) is the ring of rational numbers with denominators 
prime to A^. 

Then (ri(Af), S[{N)), (ri(A^), 5i(A^)) are Hecke pairs (see iH]). The cor- 
responding Hecke algebras over the integers are denoted by Tl'i{N), Tli{N); 
clearly Tl'i{N) C TCi{N) is a subalgebra. 

For any prime number / f A^ choose ujn{1) £ SLn{'^) with last row con- 
gruent to (0, . . . ,0,^-1) (mod A^); then a;Ar(Ori(Af) = Ti{N)lon{1) does not 
depend on any choices. For primes I \ N and < i < n define the Hecke 
operator 

Ti,i := [ri(Ar)(^'-.. J^ri(A^)], 

in Ti.i{N) (i diagonal entries being equal to Z, n — i equal 1). Here iO]y{l) 
stands for coNil) if the diagonal matrix has an / as its (n, n)-entry and for 1 
otherwise. j does not depend on the order of the diagonal entries. This 
follows from the proof of the following lemma: 

Lemma 6.2. 

HiiN) = Z[Ti,i, rz,2, . . . , Ti^n,T-^ -.nm 

u 

n[{N) = 1[Ti,i,Ti^2, Ti^n, T^.^ -^Np] 

Proof sketch: Let T.i{N) = M„(Z)n5i(Ar) and Sn = M„(Z)nGL+(Z(;v))- 
One checks that (ri(A'"), Ei(A^)) C {SLn{1i), Sn) are strongly compatible 

Hecke pairs ( ^2.ip . such that T^i corresponds to [5'L„(Z)^ "•. ^5L„(Z)] 

(i entries equal I). Finally one uses that Ti.{SLn{1i), 5i) is a polynomial ring 
in the T; j for all primes I and all 1 < i < n |Shi7H §3.2], and one makes 
use of the grading on the Hecke algebras considered here induced by the 
determinant. □ 
Whenever M is an Fp[S'J(A^)]-module and for any e, 7i[{N) acts on the 
group cohomology module H^(Ti{N), AI). We will only consider the situ- 
ation when M = F, a Serre weight, with S'i{N) acting via the reduction 
mod p map «S'((A^) -» GLn{¥p). 

Definition 6.3 ([XSOQ]). Suppose that a G H%Ti{N),M) is an n[iN)- 
eigenvector, say Ti^^a = a{l,i)a for all I f pN, 1 < i < N . We say that a 
Galois representation p : Gq GLnC^p) is attached to a if for all I f Np, 
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p is unramified at I and 

n 

(6.4) ^(-l)^f (*-i)/2a(/, i)X' = det(l - p{Froh^^)X), 

i=0 

(Remember that Frob/ € Gq is a geometric Frobenius element at I.) 

Remark 6.5. A conjecture of Ash implies that for any Serre weight F 
and any 7i'i{N)- eigenvector in H'^{Ti[N),F) [any {N,p) = 1, e > and 
n > 1) there is an attached (semisimple) Galois representation ( [Ash92] . 
conjecture B). 

To see this, we will use the notations of and let S'^(A^) := Si{N) n 
M„(Z). AnTC[{N)-eigenvector gives rise to anH'i{N)-eigenvector {prop. [TT?] ) 
and (Ti(N),'E'^{N)) is a "congruence Hecke pair of level Np" ( |Ash92j . 
def 1.2) as n> 1. 

Analogous to Serre's Conjecture, we would like to understand, conversely, 
when a given n-dimensional Galois representation occurs in such a group 
cohomology module and, if so, for which prime-to-p levels and Serre 
weights F. Fix thus a Galois representation p : Gq — GL„(Fp) which we 
assume to be irreducible and odd, in the following sense. 

Definition 6.6 ( [ASOO] ). We will say that p is odd if either p = 2 or 
|n+ — n_| < 1 where n+ [resp. n_) is the number of eigenvalues of p{c) 
equal to 1 [resp. —1) where c G Gq is a complex conjugation. 

Associated to p there is a prime-to-p integer N'^{p), its Artin conductor 
(see, for example, jADP02j ). In Serre's Conjecture this is the smallest prime- 
to-p level in which p appears. 

Definition 6.7. Let W{p) (resp., W{,pt(/o)) be the set of regular Serre 
weights F such that p is attached to an TC[{N) -eigenvector in H^(Ti{N), F) 
for some e > and some integer N prime to p {resp., N = N'^{p)). 

Remark 6.8. As discussed in |ADP02] . rk. 3.2, when n = 3, e can be taken 
to be 3, the virtual cohomological dimension ofTi{N), in the definition. 

Let us now state a Serre-type conjecture for n-dimensional Galois repre- 
sentations p that are tame at p. It depends on two ingredients to be defined 
in the next two subsections: a representation V{p\jp) of GLn{¥p) over Qp 
and an operator TZ on the set of Serre weights. 

Conjecture 6.9. Suppose that p : Gq — GL„(Fp) is irreducible, odd, and 
tamely ramified at p. Then 

W{p)=Wopt{p) = W'{p\jJ, 

where W'{p\i^) := n{JH{V{^)). 

By V{p\ip) we mean, as in ^ the reduction "modulo p" of a GL„(Fp)- 
stable Zp-lattice in V{p\i^) and by JH{—) the set of Jordan-Holder con- 
stituents (forgetting multiplicities). 
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Recall that the tame inertia group I* is isomorphic to lim F^^ . This isomor- 
phism is canonical with our conventions as we defined ¥p to be the residue 
field of Qp and ¥pi C Fp as the unique subfield of cardinality p*. Recall also 
the fundamental characters ujpi : Ip — F^^ for each i obtained by projection 
from the above isomorphism (again canonical here). In particular, lo := ivi 
is the mod p cyclotomic character. 

The following basic proposition will be used later. The corresponding re- 
sult for W{p) follows in the same way as in [ASOOj . lemma 2.5 and prop. 2.8. 

Proposition 6.10. Suppose that the tame inertial Galois representation 
T : Ip ^ GLn{¥p) extends to Gp. Then 

(i) W^{t®uj) = Ty-(T) ®det. 

(ii) W^- (rV) = {F^ det^-" : F £ W-{t)}. 

Proof. For (i) this follows from the facts that R!^'^''^ ^ det \BL76\ cor. 
1.27] and that 7^(F O det) = 7^(F) ® det. 

For (ii) this follows from the facts that R^j^' ^ (i?f,)^ |DL76l p. 136] and 
that 7^(FV) ^ 7^(F) det^"". □ 

6.3. The operator TZ on Serre weights. Consider the bijection 

{regular Serre weights} — (Z/(p — 1))" 
F{ai, ...,an)^ (oT, . . . ,0^7). 

For any bi £ Z define then F{bi, . . . , bn)reg to be the regular Serre weight 
corresponding in this bijection to (61, . . . , 6„). 
We can then define the operator TZ by 

{Serre weights} {regular Serre weights} 

F(ai, . . . ,a„) 1-^ F(a„ - (n - 1), . . . , 02 - l,ai)reg- 

Thus on regular Serre weights, IZ is an involution up to twist: 1Z^{F) = 
F ® det^"". A more conceptual description is the following. 

Definition 6.11. We let 

p:=(j^_l,„_2,...,l,0) G ^ (^ + {X{T)®q)^. 

R thus also satisfies the condition imposed on p' in ^ 

Remark 6.12. Note thatTZ{F{p)) = F{wQ-{p-pp))reg for any ^ G Xi(T). 

6.4. The characteristic zero representation V{p\ip)- To make this as 
conceptual as possible, we will define it in the more general context of con- 
nected reductive groups defined and split over ¥q (with connected centre) 
and then make it explicit for GL„. We will use the notion of dual groups 
over a finite field, as formulated by Deligne-Lusztig [DL76j . The notations 
will be as in ^ 
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At first G need not be split and there is no assumption on the centre. Our 
conventions for the actions of F and tt; G TV on /i G X{T) and A G y{T) are 
as follows: = jjLo F, F{\) = F o A, w{^) = fio w~^, w{X) = w o X. 

Definition 6.13. Suppose G* is a connected reductive group defined over 
¥q with relative Frohenius morphism F* and F* -stable maximal torus T* . A 
duality between {G,T) and (G*,T*) is an isomorphism (p : X{T) — > Y{T*) 
such that F*(p = (pF and such that both (/) and 0^ : X{T*) — > Y{T) send 
roots bijectively to coroots. 

G* is called the dual group of G; it always exists and is unique up to 
isomorphism. 

We get natural identifications of the Weyl groups so that w(j) = (j)w, but 
the Frobenius actions on W are mutual inverses: F*{w) = F~^{w). There 
is a natural bijection between rational conjugacy classes of Probenius-stable 
maximal tori T C G and T* C G* so that a type w torus in G corresponds to 
a type torus in G*. Moreover it extends to a bijection between rational 



and 



-l)i=l 



conjugacy classes of pairs {T,9) and pairs (T*,s) where 6 
s £ T*^ . This depends on the choice of a generator ((", 
without loss of generality, T = Tw Then 

extend it arbitrarily to a character ^ G X{T). Let fl = G Y{T' 
choose a positive integer t such that (equivalently, T^) is split over 



p^-iH=i G limF^,: 
is a character of T^^; 

and 



Then the dual pair is 

(t; 



n -"o for any A G 



[DM9 1[ 13.13]. Here we use the notation Ny^t/y^ 
End(y(r*)). 

An i^-stable maximal torus T C G is said to be maximally split if T C i? 
for some -F-stable Borel subgroup B. Equivalently, Fq-rank(T) = F|j-rank(G) 
|Car851 6.5.7]. All maximally split tori in G are G'^-conjugate |Car851 1.18]. 

Definition 6.14 ([DL761 5.25]). A pair {T,9) and its dual pair (T*,s) {as 
above) are called maximally split ifT* C Zg*{s)° is maximally split. 

Note that if s G G* is semisimple, then Zg*{s)° is connected reductive, 
and if Z{G) is connected then Zg*{s)° = Zg*{s) (see (2.3) and (13.15) in 
[DM91]). 

Proposition 6.15. Assume that Z{G) is connected, and that T {hence also 
T*) is split overFq. Then we have the following commutative diagram: 



( maximally split\ . ^ 
\ (T*,s) 



tame t : Ip ^ G*{¥p 
that extend to G„ 



duality 



V0 



(maximally split\ , j 



us 

f virtual representations^ 
ofG^ overQp J 



1 
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Here Gq := Gal(Qp/Qq) with inertia subgroup Ip. 

If {Tuj,Ow^^) is maximally split for some {w,fi) £W x X{T), then under 
the above bijections it corresponds to the inertial Galois representation 

(6.16) t{w,h) ■= N^p,^-ly/p,^-l{Ji{u:rt))■ 

Here fl = G Y{T*) and t is any positive integer such that Tp,yj-\ is 
split overWqt {equivalently, u;* = 1 as T* is split). 

In particular, V(f,{T{w, fi)) = i?tu(/i) and V^f, is independent of the choice 
o/(Cp«-i)i- 

Remark 6.17. It is known that V^(t) is a genuine representation in every 
case [DL761 10.10]. 

Proof. The bijection on the left is obtained as follows. The choice of (Cpi-i)j 
induces a generator (/can of the maximal tame quotient /* — > lim F^^ of Ip. 
The isomorphism class of r is determined by the conjugacy class of T{gcan), 
i.e., a conjugacy class in G* that is stable under x ^ x'^ (as r extends to Gq) 
and whose members have prime-to-p order. An element g G G* has order 
prime to p iff it is semisimple (embed G* in some GL^). By conjugating g to 
T* and using that T* is split over ¥q we see that its conjugacy class contains 
g'^ iff it contains F*{g). A simple argument shows that F*-stable semisimple 
conjugacy classes in G* are in natural bijection with G*^ -conjugacy classes 
of semisimple elements in G*^ (see the proof of [Car851 3.7.3]; this uses that 
Z{G) is connected). Finally one shows that (T*,s) t-^ s induces a bijection 
from maximally split pairs to semisimple elements in G*^ (both up to 
G*^ -conjugacy). This only uses existence and uniqueness up to rational 
conjugacy of maximally split tori in Zg{s)°. 

The explicit description of r associated to {Tw,6w,iJ.) follows immediately 
from the description of the dual pair above. □ 

Prom now^ on suppose again that G = GLn and T is the torus of 
diagonal matrices. Let {G*,T*) = {G,T) and let 

(6.18) (j) : X{T) ^ Y{T*) 

(oi, ■■■ ,an)^ (ai, . . . ,a„) 

(the notation should be self-evident). This is clearly a duality in the sense 
defined above. Since a connected reductive group defined over Fg is deter- 
mined by its root datum together with the F-action on it |DM91t 3.17], 
(G*,T*) is well defined up to isomorphism and any other duality between 
(G,r) and (G*,r*) differs by an automorphism of {X{T),R,X{T)'^ ^B^) 
commuting with F (the latter condition is automatic as T is split here). 
It is known and easy to verify that any such automorphism is, up to the 
Weyl group action, which leaves unchanged, either trivial or given by 
(ai, . . . , a„) 1-^ (-ai, . . . , -a^) on X{T). 
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Thus there are two ways to define V{t) which differ by r i— )■ r^. These 
two choices corresponds to the two choices of normalising the Galois repre- 
sentation associated to a Hecke eigenvector (in (j6.4p . geometric Frobenius 
elements could be replaced by arithmetic ones). The above choice of (j) is 
the one that will work here. 

Definition 6.19. For a tame inertial Galois representation t : Ip ^ GLn(^p) 
that extends to Gg, we set V{t) := V0(r) with cp as in (j6.18p . 

We will finally describe explicitly the maximally split pairs {T,6), which 
enables us to characterise the image of V. 

Definition 6.20. Suppose that {w,fj.) £ W x X{T) with fj, = (^ui, . . . ,/U„). 
For each 1 < i < n, let Ui denote the smallest positive integer with w'^'-{i) = 
i. We say that is good if for all i, 

XI l^wHi)(l'' ^ (mod 

k mod rii 

for all d\ni, d^ rii. 

Proposition 6.21. Suppose that {w,fj,) £Wx X{T). The pair {Tyj^Oyj^^) 
is maximally split if and only if {w,fx) is good. 

Proof. As described above, the dual pair is (T^,^^-i^, where Sw,f_i = 

^?F*(u,-i)jV(p„^_i)t/^,^_i(/x(Cgt-i)) {t and fl as before). Note that if T* C G* 
is an F*-stable maximal torus of type a £ W = Sn, then the Fg-rank of T* 
is the number of orbits of a on {1, . . . , n}. (Recall that T and T* are split.) 

Sublemma 6.22. Suppose s € G*^ semisimple. Then s lies in some F*- 
stable maximal torus of type a iff F*{s') = a^^{s') for some G* -conjugate 
s' E T* ofs. 

Proof. If s G T* of type a then there is a g £ G* such that T* = ^T* and 
g-^F*{g) is a lift of a in N{T*). Note that s' := ^"'s works. 

For the other direction we can reverse the argument just given to see 
that there is a G*-conjugate sq £ T*^ of s for some -F*-stable maximal 
torus T* of type a. Writing s = ^sq for some h £ G*, it follows that 
h~^F*{h) £ Zg*{so) which is connected reductive. By Lang's theorem 
h-^F*{h) = z-^F*{z) for some z £ Zg*{so)- Then s £ ^^"'t* which is 
of type a as hz^'^ £ G*^* . □ 

It follows that {Tw,Ow^^) is maximally split iff whenever F*{.s'^^^) = 
^~^{^'w,^j.) fo^ ^ G'*-conjugate s^^^ £ T* of s^^^ then a has at most as many 
orbits on {1, ... , n} as w. As G*-conjugate elements in T* are M^-conjugate 
|DM91t 0.12(iv)], we need only consider s'^ ^ = N^^pt^-iy jp*^-i{fl{C,qt_i)), 

\ ' -X 

which equals I '-. j for some -F-stable sub-multiset {xi}"^^-^ of . 
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If F*{s'^^^) = cr~^{s'^^^) then for all i and all k, F^{xi) = Xi whenever 
a^{i) = i. It follows that such a a has the maximal number of orbits iff 

Vi Vfc, F^{xi) =xi ^ a''{i) = i. 



k 



Thus {Tu,,9u,^im) is maximally split iff for all i, C^l^^i'^^^'^ is in no proper 
subfield of Fg^i, i.e., iff {w,n) is good. □ 

Using lemmas 14.41 14.71 this implies: 

Corollary 6.23. The image of the map V consists precisely of parabolic 
inductions of cuspidal representations. 

For example, if n = 3, tt; = (1 2 3) and fi = {i,j, k) then {w, fi) is good iff 
m := i + qj + q^k ^ (mod q^ + q + 1). In this case 



"3 

qm 



4 



and RwifJ-) is a cuspidal representation of GL3(Fg) ()4.4p . 

6.5. The generic case. The following basic lemma will be proved below. 

Lemma 6.24. Suppose that n £ ^iT) lies sufficiently deep in Cq. Then 
{w, fj,) is good. 

Definition 6.25. Suppose that t : Ip GLn{¥p) is tame and that it can be 
extended to Gp. Then r is said to be (5-generic if t = t{w,ii) for some good 
{w,fj,) gW X X{T) such that fi is 5-deep in Cq. 

Recall that by lemma |4]2] and prop. IHTTSl {w,fj,) in the definition is well 
defined up to the X{T) x I^-action ()4.ip which can be stated as 

where = p' — ap' — awa'^u. Fix for now {w,p) with p G Cq. Consider the 
set {a • /i ^pu : {i^,<t) G X{T) xi W}. Modulo pX^(T), it contains precisely 
#1^1 = n weights in each alcove. To see this, note that a ■ p + pu £ Cq iS 
a G Wi and u £ p'^ + X^{T) ( ^5.ip . that Wp acts transitively on the set of 
alcoves, and that no non-trivial element of Wp fixes any weight in Cq. 

Fix any alcove C and let us always assume for now that p is sufficiently 
deep in Cq (the implied constant might depend on the statement). Consider 
the set of weight coordinates of the X{T) xi VT-orbit of {w,p), 

{ap +{p- awa~^)u : {u, a) G X{T) x W}. 

We claim that modulo {p — 1)X^(T), this set contains precisely f^Wi = n 
weights in C. 

First of all let us show that p' := ap + {p — awcj~^)v G C if and only if 
a ■ p + pv € C. There exist G Z for a £ R such that r] G C implies that 
|(?7 + /o',a^)| < riaP for all a. Thus we may even assume that |(ry,a^)| < 
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{ua + l)(p — 1) for all a (by the assumption on ^u, we can put a lower bound 
on p). Also < p — 1 for all a. Summing 

KM',a^)| > pK^^,a^)| - \{v,aw-^a-^a'')\ - \{^l,a-^a')\ 

over all a G -R, we find that ^ a^)| < ^{n^ + 2), so that v can only 
take a finite number of values modulo {p — 1)X^{T). Our assumption on /i 
allows us to assume that for all those values of v, afi + {p — awa~^)v lies 
in the same alcove as u • /i + pv. This shows the "only if" implication; the 
converse is much easier. 

It remains to show that aii+{p—awa~'^)v = fi implies that {v, a) = (0, 1). 
To see this, let S : X{T) Z, (ai,...,a„) i— X^aj denote the central 
character function. It follows that S{i') = so that G Zi?. Therefore 
a ■ p, + pv, which we may assume to lie in Co by the above argument, is in 
the VKp-orbit of fi, which implies that (j^, cr) = (0, 1). 

Proposition 6.26. Suppose that t : Ip ^ GLn(¥p) is tame, can be extended 
to Gp and that A G Xi{T). Suppose either that (a) r is sufficiently generic 
or (6) A is sufficiently deep in a restricted alcove. Then 

F(A) G W-ir) 

if and only if 

T = t{w', a' + p) for some X' G X{T)+ such that A' j A 
and some w' G W . 

Proof. We will first show the result under assumption (a), then we will show 
how (b) reduces to (a). 

Write r = T{w,fi + p). If p lies sufficiently deep in Co, we may assume 
by (|6.24p that {w,p + p) is good and by (15. 6p that VF^(r) consists of the 
F{X) with A G Xi{T) such that there exists a dominant A' | A satisfying 

(6.27) 3(cj, iy)eW X X{T), X' = a ■ {p + {w - p)v). 

From (j4.1[) it follows that (j6.27p is equivalent to 

3w' eW, {w,p + p) {w',X' + p). 

Finally, as this X{T) x I^-orbit is good by the choice of p, this is equivalent 
to 

3w' G W, t{w, p + p) = t{w', X' + p). 
To reduce (b) to (a), suppose the proposition holds if r is e-generic. Sup- 
pose that r is not e-generic. Using the discussion after ()6.25p there is a 
5 > Q such that r = t{w, p + p) for some w £ W and p which is 5-close 
to the boundary of Co (that is, (— (5)-deep but not (5-deep). The analysis of 
Jantzen's decomposition formula (15. 2p (see the discussion on p. [TSl) shows 
then that the highest weights of all the constituents of Rw {p + p) — and thus 
the highest weights of the Serre weights in W'^{t) — are (5'-close to the bound- 
ary of some restricted alcove for some 6' > depending on 5. Therefore if 
A is sufficiently deep in a restricted alcove, F{X) G W'{t) implies that r is 
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e-generic. By restricting A yet further in its alcove, we can moreover achieve 
that for any A' | A with A' dominant and any w' G t(w',\' + p) is 
e-generic. □ 

Corollary 6.28. Suppose that r is sufficiently generic. Then 

ffW-{T) = #Wi • #{{C',C) : C dominant, C restricted, and C T C], 

where C and C denote alcoves. Note that fj^Wi = n. 

In particular, the number of weights predicted in the generic case is 2, 9, 
88, 1640, ... if n = 2, 3, 4, 5, ... 

Proof. Write r = t{w, p + p) with p sufficiently deep in Cq. Note first that 
if e e (p-l)XO(r) then {w' , X' + p) ~ iw',X' + e + p), F{\) ^ F(A + e) and 
A' I A implies X' + e ] X + e. Thus we only need to consider the A' in the 
proposition up to {p — 1)X^{T). 

It suffices by the argument after (j6.25p to prove the following statement. 

, ^ Suppose that r = T{wi, A^ + p) with X[ dominant and A- j A for 
some restricted weight X {i = 1, 2). Then wi = W2 and X'l = X'2. 

We can write Wi = aiwa^^ , X'^ = ai- pL + {p — aiwa^^)vi for some {ui,ai) S 
X(T) X W. It follows immediately that S{X) = 5(A9 = Sip) + {p-l)S{i^i) 
so that 5(1/1) = S{i'2)- As the A- are in the same Wp-orbit by assumption, 
so are the p + [p — w)a^^Vi. As a^'^vi — o"^^J^2 £ ^-R (being killed by 5), 
the weights p +p<T^ V2 — wa^ Vi are in the same Wp-orbit. But as they lie 
in the same alcove Co +p(T^^i/25 they have to be equal and we obtain that 
a^^vi = Finally, ai ■ Cq +pui are dominant alcoves which are related 

by cio"^^ G W. Thus ai = (T2, which implies the claim. □ 

Proof of lemma \6.24\ li p = "^aiCi, note that X]j=i^ij^j lowest 
alcove for GLr whenever 1 < ii < ■ ■ ■ < ir < n. We are thus reduced to the 
case when w is an n-cycle. We need to show that if p is sufficiently deep in 

Co, 

(6.30) Yl a^w'^^ (modgfi) 

i mod n 

for all d\n, d ^ n. Fix n = de with d < n. Using 



equation (j6.30p becomes 

d(e-l)-l 

(6.31) Yl (c^-c,(e_i)+4.|)p^^0 (mod E-=oP'*)> 

1=0 

where q = 0^^,1(1) and {x} £ [0, 1) denotes the fractional part of a real 
number x. As p is in the lowest alcove, jcj — Cj| < p — 1 for all i, j. So if p 
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lies sufficiently deep in Co then q 7^ Cj for all i / j and (I6.31|) is automatic 
as (p — 1)(1 + p + • • • + p*) < p^^"^ for all i. □ 

7. Comparison with the ADPS conjecture (n = 3) 

The framework of the conjecture used here differs slightly from that 
of |ADP02j — we prefer to use left cosets, left actions and to ignore the neben- 
type character. First we explain how to relate them. When comparing the 
weight predictions, note that the conjecture in [ADP02] is stated for general 
n and for odd Galois representations p that are neither necessarily tame at 
p (at least in niveau 1) nor irreducible. For irreducible p, their predictions 
only depend on p\i^. We will restrict to the irreducible, tame-at-p case to 
compare with our conjecture, and we will assume that n = 3, the case they 
studied in detail. (For larger n in generic cases their weights will all be pre- 
dicted here, but the discrepancy grows with n, even if Doud's extension in 
the niveau n case |Dou07] is taken into account.) We will moreover interpret 
their recipe in the most favourable way, that is, include the "extra weights" 
described in |ADPn2j . def. 3.5. We should point out though that |ADPn2j 
never claims to predict all possible weights. 

Let Ti{N) be the group of matrices in SLn{'L) with first row congruent 
modulo N to (1,0, ... ,0), and let S[{N) C G'L+(Z(Arp)) be defined by the 
same congruence condition. Then 7i'i{N) is the Hecke algebra defined by 
the Hecke pair (ri(A^), ^^^(A^)), but instead of left cosets (as in ^2.ip using 
right cosets. If the congruence condition is weakened to the first row being 
(*,0, ...,0) modulo N, the corresponding objects are denoted by ro(A^), 
S'o{N), H'oiN). Note that iti{N), S[{N)) and (fo(A), 5^(Ar)) are strongly 
compatible ( §2.1(1 . 

Letting 




observe that g ^ rj ■ ■ t] ^ induces anti-isomorphisms of groups Ti{N) — )■ 
fi{N), Sl{N) Sl{N), and of (commutative) algebras ?i^(A) ^ n({N) 
(i = 0,l). 

A Serre weight F (with usual left 5-(A)-action) becomes a right Sl{N)- 
module, denoted F, as follows: ms := ^{rj~^sri)m {m G F, s & S[{N), 
i = 0,1). It is easy to see that with this action, F is a "right Serre weight" 
with the same highest weight. The following lemma is immediate. 

Lemma 7.1. The above anti-isomorphisms induce an isomorphism 

H^{r,{N),F)^H'{ri{N),F), 

as modules ofn[{N) ^ W^A). 

Any character e : (Z/A)^ — )■ can be considered as character of Sq{N) 
via its natural projection to S'q{N)/S[{N) ^ (Z/A)^. Let F{e) = F®Fp(e). 



28 



FLORIAN HERZIG 



Lemma 7.2. Fix a ring homomorphism 

a:n[{N) ^n'o{N) -^¥p. 
The following are equivalent: 

(i) There is an H'i{N)-eigenvector for a in H'^{Ti{N), F) for some e. 

(ii) There is an HQ{N)-eigenvector for a in H^(Tq(N), F{e)) for some 
e and for some e : (Z/iV)^ — > . 

Proof. Note that the proof is comphcated by the fact that p could divide 

If M is any 5g(A^)-module then {Z/N) ^ acts naturally (and 5-functorially) 
on H'^(Ti{N), M), commuting with the action of 7i[{N) (as observed in |AS86j . 
p. 196). The Hochschild-Serre spectral sequence 

EP''' : i/P((Z/iV)^i/9(fl(iV),F(e))) HP+'^{to{N), F{e)) 

is compatible with the action of TC'i^N) = Hq{N). The reason is that the 
Grothendieck spectral sequence for a composition Fi o F2 is compatible with 
natural transformations F2 F2 since the spectral sequences for the hyper- 
derived functors {WFi){C) are functorial in the cochain complex C |Gro57t 
§2.4]. 

If M is any 'H'^(A^)-module, denote by the generalised cr-eigenspace. 

Supposing (ii), considering the generalised cr-eigenspace of the above spec- 
tral sequence we find that (E'g''')^ 7^ for some p, q, whence (i). (All terms 
of the spectral sequence are finite-dimensional; see p. H5l ) 

Conversely, assuming (i), pick q smallest such that H'^(Ti{N),F)fj ^ 0. 
Observing that 

H'^{ti{N),F{e)) ^ H'^{t,{N),F)ie) 

as (Z/iV)^ -module, we can choose e so that Hi{ti{N), F{€))^ has a (Z/A^)^- 
fixed vector. By the minimality of q, {E^)(j ^ 0, whence (ii). □ 

For simplicity we will say that a Serre weight F{\) (A G Xi[T)) is in the 
lower alcove Cq if A G Cq. If F[X) is a regular Serre weight, we will use the 
notation ^F(A) := F^A) with (A ^ ''A) e Wp as on p. [lOl (Note that both 
definitions do not actually depend on any choices.) 

Definition 7.3. For A € Xi[T) let A{X) he the set of regular Serre weights 
consisting of F := F{\ — p)reg o-nd, in case F S Cq, also ^'F € Ci. 

The next result should be compared with (j6.26p . 

Proposition 7.4. Suppose that the tame inertial Galois representation r : 
Ip — GL,„(Fp) can be extended to Gp. Let 

C{t) = {A G Xi{T) -.^w&W, (w. A) good and r ^ t{w, A)}. 

Then 

(7.5) W\t)= U -4(A). 

AeC(r) 
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It will become clear from the proof that for sufficiently generic r, C(r) 
consists of three weights each in the upper and the lower alcove. We will 
use the following lemma. 



Lemma 7.6. (i) If t j with i>j>k,i — k<p— 1, 

C{t) = {{i,j,k),{j,k,i -p + l),{k + p- 

{k + p-i,j,i-p + 1), (i, k,j-p + 1), {j+p- 1, i,k)} + {p- i)xO(r). 



"2 



ii) // r ~ I i^f™ I with m = j + pk and i > j > k, i — k < p — 1, 



C{r)=Xi{T)n{{i,j,k),{j,k,i-p + l),ik + p,i,j-l), 
(k+pj -l,i-p+ 1), {i,k + l,j -p), {j +p,i,k- 1), 
{i+p- k), (j, k,i-2p + 2)} + {p- 1)X\T). 



,m 
■^3 



p m 
•^3 



iii) //r ~ I '^3™ 2 ) with m = i+pj +p k and i > j > k, i — k < p, 



C{T) = XiiT)n{ii,j,k),{j + i,k,i-p),ik + p,i-i,j), 
{k + p,j + i,i-p- 1), (i, k + ij- p), {j +p,i,k-i)} + {p- i)xO(r). 

Proof. Suppose that A = {x',y',z') £ C{t). 

(i) By (|5TT3|) and (g^]), r = t{w, A) with {w, A) good implies that {w, A) ~ 
(1, (i, j, A;)). Thus there is a permutation {x,y,z) of {x',y',z') such that 
X = i, y = j, z = k (mod p — 1). This is invariant under the change of 
coordinates 

■■ {x,y,z;i,j,k) ^ {z,x,y;k +p - l,i,j). 
We may assume without loss of generality that y = j and (using 6) that 
either x>y'>zoix<y<z. In the first case, {x',y',z') = {x,y,z). It 
is then evident that precisely the following weights are obtained: {i,j,k), 
{i+p-l,j,k) = {j+p-l,i,k) (if i = j), {i,j,k-p + l) = {i,k,j -p+1) 
(if j = k), {i + p-l,j,k-p+l) = {k+p-l,j,i-p + l) {[{ i = j = k). 
The second case is analogous, yielding precisely (/c + p — 1, j, i — p + 1) (due 
to the inequalities being strict). 

(ii) Here there is a permutation {x,y,z) of {x',y',z') such that x = i 
(mod p — 1), y +pz = m (mod — 1). Without loss of generality, y + pz = 
j + pk. Note that |y — -z| < 2p — 2. Thus (y, z) = (j, k) + n{p, —1) with 
-2 < n < 1. 

If n = —2: since j — 2p < i — 2p + 2 < i — p + 1 < k + 2, this can't happen. 

If n = —1: use that y = k + 1 > i — p + 1 > j — p = z to get one of 
(i, k + l,j - p), {k + l,i - p + l,j - p) and {k + I, j - p,i - 2p + 2). 

If n = 0, at most {i+p-l,j,k), {i,j,k), {j,k,i -p+1), {j,k,i- 2p + 2) 
arise. 

If n = 1, the only possibility is {j+p,i, k — 1), since {j+p) — {k — l) > p — 1 
and j+p>i>k — 1. 
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(iii) Here there is a permutation (x, y, z) of {x' , y' , z') such that x + py + 
p^z = m (mod — 1). This is invariant under the change of coordinates 

e' : {x,y,z;i,j,k) ^ {z, x,y; k + p,i - 

So, without loss of generahty, either x>y>z or x<y<z. 

In the first case, {x',y',z') = (x,y,z). Without loss of generality, A + 
pB + p'^C = 0, with A = x — i, B = y — j,C = z — k. Noting that 

\A-C\ = \{x-z)-{i-k)\ 

< max{p, 2p — 3) < 2p — 2, 

\B -C\ <p-l, 

it follows that 

\{l+p + p^)C\ = \{A - C) + p{B - C)\ <p^+p-2. 
Thus C = 0, and A + pB = implies 

\{l+p)B\ = \A-B\<p 

and hence B = A = So, {x',y',z') = {i,j,k). 

In the second case, a completely analogous argument shows that {x' , y', z') - 
(k + p,j + l,i - p - 1). □ 

Proof of prop. \ 7.4\ First note that, for A G Xi{T), 

Tl{JH{W{\))) 

consists of F := TZ{F{X)) and, if F G Cq, also '^F. Also note that for 
(x', y', z') G Xi{T), F{x' -2,y'- 1, z')reg = n{F{z' + p - l^y' ,x' - p + 1)) 
(note that the latter weight is also restricted). Thus 

(7.7) A{x', y', z') = n{JH{W{z' + p - l,y' ,x' - p + 1))). 

With the convention that ^(A) := (A Xi{T)), 7^(0) := 0, ([721) is 
even true for any (x', y' , z') G X{T) satisfying x' — y' = p or y' — z' = p or 
x' -z' = 2p (by diSD). 

If r = t(1, (i, j, k)) ~ ( j , without loss of generality, i > j > k, 



i — k < p — 1. By thm. 15.21 Ri{i,j, k) equals 

W{k+p- 1, j,i - p + 1) + W{i,k,j -p+l) + W{j +p - l,i,k) 
+ W{i,j,k) + W{j,k,i-p+l) + W{k+p-l,i,j). 
The lemma follows from ()7.7p . term by term. 

If r ~ I tj^™ j , we can write m = j + pk with (unique) i > j > k, 

i — k < p — 1 (replacing m with pm if necessary). Then r = r((2 3), k)) 
and i?(2 3)(^) ji ^) equals 

VF(A; + p - 1, - p+ 1) + W{i,k,j - p + 1) + W{j +p-2,i,k + 1) 
+ W{i,j -l,k + l) + W{j -l,k + l,i-p+l) + W{k + p-2,i,j + 1). 
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Note that the last two weights in the lemma do not contribute (e.g., for 
(i +p — 1, j, /c) to occur we need i = j \n which case F{i+p — 3,j — 1, k)reg = 
F{i — 2,j — 1, k)reg)- The remaining six weights (x' , y' , z') all verify x' — y', 
y' — z' £ [0,p]. The lemma follows from (|7.7p . term by term. 



If r ~ I (^f™ 2 ' ^ simple exercise shows that either m ox —m 

equals i +pj A-p^k for some (unique) i>j>k, i — k<p. In the first case, 
r ^ t((1 2 3),(«,j, fc)) and R(i2 3){hj,k) equals 

W{k + p- l,j,i-p + 1) + W{i -l,k,j -p + 2) 

(7.8) +W{j + p-l,i-l,k + l) + W{i -2,j + l,k + l) 

+ W{j - 1, /c + 1, i - p + 1) + W{k + p-2,i,j + 1). 

Everything works as in the previous situation, except that the fourth through 
the sixth weight in the lemma can fail to be restricted by having their second 
and third coordinate differ by p+ 1. Using the cyclic symmetry 9' exploited 
in the lemma, we may assume without loss of generality that i = k + p and 
i ^ j + 1 (because not all three equalities can hold simultaneously). Then 
we can already match the first four terms of (17. Sp with the first four weights 
in the lemma using (j7.7p . This is even true for the fifth: that weight in the 
lemma fails to be restricted iS j — k < 1 and then either y' — z' = p or 
x' — z' = 2p. Ifj — k=p — 1 the same argument works for the sixth also, 
so let us assume that j — k < p — 1. 

Note that term 6 in (j7.8p equals —F{i — 1, k+p — l,j + 1) (by (|3.5p ) which 
cancels the irreducible constituent in Cq of the reducible W{j + p — l,i — 
1,/c + l) (term 3). We will be done if we show that 7^(F(i — 1, A;+p — 1, j + 1)) 
is contained in the union of TZ{JH(W)) where W runs over terms 1, 2, 4, 5 
in (|7.8p . Term 2 suffices: 

n{F{i -i,k,j-p + 2)) = niF{i -i,k + p-i,j + 1)). 

In the second case, we dualise: in light of prop. [6?T0] we only have to show 
that C(r^) = {—wqX : A G C(r)} and that and ^ commute on regular Serre 
weights, but this is obvious. □ 

Theorem 7.9. 

(i) Ifr is of niveau 1, the regular Serre weights predicted in [ ADP02j agree 
exactly with the ones here. 

(ii) // r is of niveau 2, we can write r ~ ( tj^™ 1 , with m = j + pk 

and i>j>k, i — k<p— 1 {up to swapping m and pm). Then the 
regular Serre weights predicted in [ADP02 ] are precisely the ones given by 
formula ()7.5p when the sixth weight on the list in lem.ma \TV[ ii) is removed. 

^ m \ 

f^a™ 2 with m = i + 

pj +p'^k and i > j > k, i — k < p {up to dualising r). Then the regular Serre 
weights predicted in [ADP02] are precisely the ones given by formula (|7.5p 
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when the following weights are removed from the list in lemma \TV[ iii) : the 
last three and those among the first three of the form {x' , y', z') with x' — z' = 
p and x' — 1 > y' > z' . 

Proof. We use the explicit description of C(r) in terms of congruences as in 
the proof of 17.61 

(i) This is obvious. 

(ii) Note that according to |ADP02| we write m = j + pk (note that 
0<J — A;<p — 1) and pm = {k + p) + p{j — 1) (mod p'^ — 1) (note 
that < {k + p) — {j — 1) < p — 1 unless j = A; + 1, in which case pm 
cannot be expressed in this way). So the regular weights predicted there are 
F{i-2,j-l,k)reg, F{j - 2, i - 1, k)reg , F {j - 2, k - I, i)reg and, 'djj^k + 1, 

F{i-2,k + p-l,j-l)reg, F{k + p - 2, i - 1, j - l)reg , F{k + p - 2, j - 2, i)reg 

together with the reflections ^F for any F in this list that is in the lower 
alcove. Suppose first that j / /c + 1. As F := F{k + p — 2,i — 1, j — 1) £ Cq 
and ''F = F{j — 2, i — 1, k)reg, the latter weight is redundant in the list just 
given and we obtain the union of A{i,j, k), A{j, k,i—p + l), A{i, k + l,j —p), 
A{k+p, i, j — I), A{k+p,j — 1, i — p + 1) as required. If j = k + 1, the fourth 
and fifth weight in lemma EBJii) fail to be restricted and we can match up 
the three terms on the list just given with the first three weights in the 
lemma by noting that F(j — 2,i — 1, k)reg = F{k + p — 2,i — 1, j — l)reg- 

(iii) Let a := p — {i — k) , (3 := j — k, ^ := i — j — 1. These are permuted 
by 6' from the proof of lemma I7.6f iii) and we can assume without loss of 
generality that either (a) a, /3, 7 are all non-zero, (b) a = and the other 
two non-zero, or (c) a = /? = 0, 7 7^ 0. Note that one of the first three 
weights in the lemma will be excluded by the condition in the theorem iff 
we are in case (b) in which case precisely {i,j,k) is affected. 

If (a) holds, we write m = i + pj + p^k, pm = {k + p) + p{i — 1) -|- p'^j 
(mod — 1), p'^m = (j + p) + p{k + p — 1) + p'^{i — 1) (mod p^ — 1). So 
the regular weig hts predicted by |ADP02j are F{i-2,j -l,k)reg, F{k+p- 
2,i — 2,j)reg, F{j — 1, k — l,i — p)reg together with the reflections '^F for 
any F in this list that is in the lower alcove. Now note that the first three 
weights in the lemma are all restricted. 

If (b) holds, the expression for m we have to use is m = k +p{j + 1) +p'^k 
and the weights predicted by |ADP02j are as in (a) except that the first 
becomes F[j — 1, — 1, k)reg which equals the third. On the other hand, we 
should only use the second and the third weights of the lemma, and we are 
fine as both are restricted. 

If (c) holds, the expressions for m and p^m are as in (b) whereas pm does 
not have an expression of the required form. We are fine again as precisely 
the first weight among the first three in the lemma fails to be restricted. □ 



Remark 7.10. Doud independently extended the conjecture of [ADP02| to 

include the remaining weights in niveau 3 predicted here |Dou07] . 
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8. Computational evidence for the conjecture 

8.1. Verification of "extra weights". In [ADP02j . Ash, Doud and Pol- 
lack consider various explicit irreducible, odd p that are tame at p and test 
computationally whether eigenclasses to which p is attached occur in the 
weights predicted by them (in level N'^{p) and nebentype determined by 
det(p); see |ADP021 p. 524]). Among them are seven examples of such p of 
niveau 2, for which conj ecture 16. 91 predicts one further weight than the ADPS 
conjecture. There is another such example in [Dou02l §3]. Darrin Doud and 
David Pollack agreed to test with their respective computer programs the 
existence of an eigenclass with the correct eigenvalues in this "extra weight." 
They indeed verified its existence (in the sense that (j6.4p is satisfied for all 
I < 47) except in the one case of level = 144, which could not be handled 
by their programs. 

To summarise, here is a table of the extra weight confirmed in each case: 



p 


level (s) N 


p\ip 


weight 


5 


73, 83, 89, 151, 157 




F(6,3,0) 


7 


67 




F(13,8,3) 


11 


17 




F(16,9,2) 



The image of p in these cases is either 54 (A = 17, 67, 73), {N = 89, 
151, 157) or a suitable semi-direct product (Z/3 x Z/3) xi ^3 when A = 83 
|ADP02j . |Dou02j . 

8.2. Exhaustive calculations. In the example of niveau 73 listed above, 
Doud verified upon request that no eigenclasses to which p is attached occur 
in regular weights outside W^{p\ip) (as before, in level N'^{p) and nebentype 
determined by det{p)). 

In |Dou07l §4, §5.2, §5.3], Doud documents similar exhaustive calculations 
for several (tame) p of niveau 3. In one example only roughly half the weights 
are ruled out due to computational limitations. (As remarked in (j7.10p . the 
extension of the ADPS conjecture in |Dou07| for p of niveau 3, which Doud 
found independently, agrees on the subset of regular weig hts with W-{p\ip).) 

9. Evidence for a conjecture of Gee 

After an earlier version of this work [Her06], Toby Gee made another 
conjecture for the weights in this context in terms of the existence of local 
crystalline lifts with prescribed Hodge- Tate numbers (in the spirit of the 
Buzzard-Diamond- Jarvis conjecture). This type of conjecture is motivated 
by considerations in characteristic zero; the problem in making deductions 
for characteristic p is that irreducible GL„-modules in characteristic zero 
reduce to Weyl modules (up to semisimplification) , generally not to simple 
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modules. Relying on the study of the n = 3 and 4 cases in |Her06] . he 
went on to make a second conjecture to the extent that F S W{p) implies 
F(A) E W{p) whenever the Serre weight F is a constituent of W{X) and A 
is restricted. This would give a better justification for his first conjecture 
for weights F(X) for which W{X) / F(A). 

We verify that Toby Gee's second conjecture holds for the conjectural 
weight set W'^{p\i^) in generic situations. 

Proposition 9.1. Suppose that A is sufficiently deep in a restricted alcove, 
A' G Xi{T), and that F(X') is a Jordan-Holder constituent of W{X) as 
representation of GLn{¥p). Then for any tame t : Ip GLn{¥p) that can 
be extended to Gp, 



Proof. By 13.161 the constituents of Ty(A) as GL„-module are of the form 
F{ii) for dominant /i | A. We can choose such a p such that i^(A') is 
constituent of F{pL) considered as representation of GL„(Fp) and we write 
fi = po + ppi with pq S Xi{T), pi S X(r)_|_. Note that for fixed n, pi can 
only take finitely many values. Let us write 



Claim: If A lies sufficiently deep in its alcove, then 
F{p) = aeF{po + e) 

e€X(T) 

in the Grothendieck group of GL„(Fp)-representations. 

Restricting A in its alcove if necessary, we may assume that pQ + e lies 
in the same alcove as po whenever ^ 0. In the Grothendieck group of 
GL„-modules we can write (using prop. I3.16P 



where b^i^^^^^ = if /Xg is not dominant. Using thm. 13.91 and prop. [331 in f^is 
Grothendieck group of GL„(Fp)-modules, 



F(A') E W\t) F{X) e W\t). 




eeX{T) 



^l'o^^loe&X{T) 
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The last step made use of the translation principle [Jan03l 11.7.17(b)], which 
implies that the h^i^^^^ only depend on the alcoves /Lig and //q lie in, and the 
fact that the depend only on the 14^-orbit of e. 

Using the claim, F{X') = F{^q + e) for some weight e of F{m) and some 
dominant fi 1 X. If F{X') G VF-(r), r ^ t{w,X" + p) for some dominant 
^" T ^0 + £ by prop. 16.261 But by the remark after (I3.15P such a A" is of 
the form + w'e for some dominant t /io and some w' ^ W (in fact, 
w' underlies the affine Weyl group element taking the alcove of //q to the 
alcove of ^uq). The following simple manipulation — using (|4.ip and valid for 
all a G W — is the key point of the proof: 

(9.2) r ^ t{w, Ho + w'e + p) = t{w, p'q + pw~^w'£ + p) 

= T{awa^^ ,a ■ (/ig +pw~^w'e) + p). 

We choose a G so that a • (/ig + pw^'^w' e) is dominant. Note that ae 7^ 
implies that vre < ^1 for all vr G |Jan03t II. 2. 4]. Then the following lemma 
applies and shows that 

(9.3) fj • (/ig + piv'^^w's) T /"o + PPi ^ PQ+ppi] X 

(using |Jann3l 11.6.4(4)]). Finally apply prop.EMlto ([92]). □ 

Lemma 9.4. Suppose that p, v & X(r)+. If e G X{T) such that we < u 
for all w G W then 

a ■ {p + pe) ] p + pv V(j G VF. 
Remark 9.5. In fact the converse is true G Cg {hut not in general). 

Proof. We will use two reduction steps: 

(Rl) Suppose the lemma is true for e and that a G such that (e, a^) > 
0. Then the lemma is true for e — ia for all < i < (e, q"^). 

(R2) Suppose that e v are both dominant. Then there exists a G 
such that £ <v — a and v — a \s dominant. 

Assume first the validity of these two claims. Note that the lemma is 
true for e = v |Jan031 11.6.4(5)]. Suppose next that e is dominant. By (R2) 
there is a sequence £ = Eq < ei < ■ ■ ■ < Er = v with Ej dominant and /3j := 
£j - £j-i G R+ for ah j > 0. Note that (ej,/3/) = (ej-i,/?/) + (/3i,/3/) > 2. 
Then (Rl) with i = 1 implies inductively that the lemma is true for e. 
Finally for a general e choose w £ W such that we is dominant. Write 
w = si---Sr, a reduced expression in terms of simple reflections sj. A 
standard argument shows that then e = Er < Er-i < • • • < eo = we with 
Ej = Sj+i • • • Sf—iSrE. Since the lemma is true for we, (Rl) with i maximal 
allows to show inductively that the lemma is true for e. 

To prove (Rl), choose w £ W such that X := w ■ {p + pe) G X(T)_|_ — p'. 
Then 

< pi < {p + p, a^) +p{e, a^) = (A + p, wa^). 
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In particular, wa G R^. Then pan03l II. 6. 9] applies (note that the case 
i = is vacuous and use |Jan03t 11.6.4(5)]): 

a ■ {swaW ■ (/X + pe) + piwa) j A Vcr G 

Replacing a by aSwaW and using that the lemma holds for e proves (Rl): 

cr • (/i + p[e — ia)) } + pv Vo" G 1^. 

(R2) is also known as Stembridge's lemma and is true for arbitrary root 
systems; see [RapOO 2.3] for a short proof due to Waldspurger. □ 

10. Theoretical evidence for the conjecture 
Recall that we assume that n > 1. Let A := Aq and define 

Ui{N) := {g G GL„(Z) : last row = (0,...,0, 1) (mod A^)}, 
Si(iV) := {g G GL„(A°°) : gM G Ui{N)}, 

where qn = Y\i\n9i- Then ({7i(A^), Si(A^)) is a Hecke pair, and we denote 
by Ti-iiN) the associated Hecke algebra. 

Lemma 10.1. There is an isomorphism of Hecke algebras 

nf{N) ^ni{N) 

determined by requiring that 

[Ui{N)sUi{N)] ^ [ri{N)sri{N)] 

for all s G Si{N). 

Proof It suffices to show that iTi(N), Si{N)) C iUi{N), T.i{N)) are strongly 
compatible Hecke pairs (EU)- To see that Si{N)Ui{N) = Si(iV), note that 
by strong approximation and as n > 1, 

GLnmUiiN) = G{A^) D^i{N), 

so for a G Si(iV) write a = -yu {-y £ GL„(Q), u £Ui{N)). Without loss of 
generality, det7 > 0. Then it follows immediately that 7 G Si{N). Also, 
Ui{N) n SiiN)-^Si{N) = ri(iV) is obvious. 

Finally we need to show that Ui{N)sUi{N) = Ti(N)sUi{N) for all s G 
Si{N), or equivalently that Ui{N) = Ti{N){Ui{N) n'Ui{N)). As sn G 
Ui{N) and Ui{N) is compact open, Ui{N) f] 'Ui{N) D Ui{N) n U{M) for 
some {M,N) = 1, where U{M) = {g e GLn(l) ■ g = I (mod M)}. Since 
ri(A^) ^ SLn{Z/M), it follows that 

{u G Ui{N) : detn = 1 (mod M)} C ri{N){Ui{N) n'Ui{N)). 

The desired equality follows by noting that the determinant of the right- 
hand side is Z^, which can be seen by using the theorem on elementary 
divisors for alHlM. □ 
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The following proposition will be used to obtain cohomology classes from 
algebraic automorphic representations. It is similar in spirit to |AS86t §3] 
for n = 3. 

Proposition 10.2. Suppose thatn is a cuspidal automorphic representation 
of GLniAn) of conductor N. Suppose moreover that for some integers 



Ci > C2 > ■ ■ ■ > Cn, 

TToo corresponds, under the Local Langlands Correspondence, to a represen- 
tation of Wu sending z G to 

diag(z-"iz-'=",Z-^"Z-'=i,Z-'=2^-^„-l^___) ^ (^^)(n-l)/2 g GLniC) 

and j to an element of determinant (— 1)E Ci+Ln-/2J j^^^j particular, vr is reg- 
ular algebraic; c.f. |Clo90j . def. 1.8 and def. 3.12). Let r he the irreducible 
representation ofGL^^j^ with highest weight (ci — (n — 1),C2 — (n— 2), . . . ,Cn). 
Then there is an T[i{N)-equivariant injection 

for any e in the range 
Remark 10.4. 

(i) As N is the conductor of TT, (7r°°)^iW is one -dimensional. Thus 
we get a Hecke eigenclass in group cohomology. 

(ii) It is known that ri(A^) has virtual cohomological dimension n{n — 
l)/2. In particular, H''{Ti{N),r) = for e > n{n - l)/2 (see 
|Ser71j ■ p. 132 and the remark on p. 101). 

Proof. Let G := For any open compact subgroup U C G{A°°), let 

Xu := G(M)/0(n) x G(A~)/C/, 

Xu = G{Q)\{G{R)/0{n) x G{A^)/U), 

and denote by iru : Xu Xu the natural projection. Then Xu and Xu 
are real manifolds of dimension ("^^) {Xu is not necessarily connected). If 
U is sufficiently small, G{Q) acts properly discontinuously on Xu and the 
constant sheaf on Xu with fibre r gives rise to a local system on the quotient 
Xu, which will be denoted by Cr'. for any open subset Z C Xu, J~-r{Z) is 
the set of locally constant functions 

(10.5) {/ : ttIjHZ) ^ r : f{-fx) = ^f{x) V7 S G(Q), x G tt^HZ)}. 

Notice that r"^ is the representation of G associated to tToo defined in |Clo90| . 
pp. 112-113 (where it is denoted by r). By |Clo90l 3.15] there is a G{A°°)- 
equivariant injection 

H%5ln, 0(n); Hoo 0r)<S)U'^^ lunH^Xv,Cr) 
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where 11 runs through ah cuspidal automorphic representations of G(A(q) 
whose central character agrees with that of r"^ on M^, and where the limit 
is over all (sufficiently small) compact open subgroups V C G{A°°). The 
G(A°°)-action on the right-hand side is as in sublemma ll0.6( ii) below. Here 
5ln denotes the complexified Lie algebra of 5'L„(M). 
When n is even, lemma 3.14 in [Clo90| shows that 

H%5ln, 0(n); vToo r) ^ A^-"'/^ C^/^-i, 

(by the remark on p. 120 in the same reference, there is no quadratic char- 
acter appearing on the left-hand side). 

When n is odd, the condition on the determinant of j made above implies 
that TToo is the induction, using a parabolic subgroup of type (2, 2, ... , 2, 1), 
of cJi CT2 (8) • • • '8><7(n-i)/2 ® X (keeping Clozel's notation), where cjj is the dis- 
crete series representation of central character |.|-Ci-c„+i_i+n-i ^^^Ci+c„+i-i+i 
and lowest weight Ci-Cn+i-i + l, and x = |.|"''("+i)/2+("-"i)/2 sgnC(n+i)/2_ xhis 
has the consequence that the character considered in |Clo90j . p. 120 is even 
and again we get (without quadratic character on the left-hand side): 

Thus we get an 'Hi(A^)-equivariant homomorphism 

u 

for any e in the range claimed above. It remains to identify the right-hand 
side as a group cohomology module. 

Let H^{X, Cr) = h™y H^{Xv, Cr) to simplify notations {X itself will not 
have any meaning). The following elementary sublemma will be useful. 

Sublemma 10.6. Suppose that U, V are sufficiently small compact open 
subgroups o/G(A°°) and e > arbitrary. 

(i) If U C V consider the natural projection map f : Xjj Xy ■ Then 
f*Cr — Cr {canonically) and the induced map f* : H^{Xy,Cr) — 
H^{Xu,Cr) is an injection. 

(ii) If g € G(A°°) and U C gVg^^ , denote by [g] the natural map Xu 
Xy given by right multiplication by g. Again there is a canonical 
isomorphism [g]*Cr — Cr and an induced map [g]* : H'^{Xy,Cr) 
H'^{Xu,Cr). It is compatible with the maps defined in (i) and yields 
a smooth left action of G{A°°) on the direct limit H^(X, Cr). 

(iii) The image of the natural map H^{Xu,Cr) — H^{X,Cr), which is 
an injection by (i), is precisely the subspace of U -invariants. 

Choose an auxiliary prime q f 2N, and let 

U = {g€Ui{N):g = l {mod q)} < Ui{N). 

The projection of U to G{Qq) contains no elements of finite order, which 
implies that U is sufficiently small in the above sense, so that Cr is defined on 
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Xij. (In fact, any other sufficiently small open normal subgroup U of Ui{N) 
would do.) By the sublemma, H%X, Crf'^^^ = H^{Xu , Crf^^^'^'^ ■ 

For now, we allow r to be any C[G(Q)]-module. Let T := G{Q) D Ui{N), 
an arithmetic subgroup of G. 

Claim: H*{Xij,Cr)^'^^^'^^^ and H'{T^r) are universal (5-functors, and 
they are canonically isomorphic. 

First note that \l H < K are two groups and V is an injective X-module 
(over C, say), then V\h is an injective i?-module. The reason is that the 
left adjoint of the forgetful functor i^-mod — > i^-mod is CK (^^h —■, which 
is exact. By putting H = T, K = G(Q), we see that H'{r,r) is a universal 
(5- functor. 

As for F'(Xc/,£r)^i(^)/'^, note that it is at least a J-functor: Ui{N)/U 
is a finite group so that taking [/i(A^)/C/-invariants is an exact functor (we 
are in characteristic zero!). To demonstrate universality, it suffices to show 
that H^{Xij-,Cr) = if e > and r is an injective C[G(Q)]-module. By the 
strong approximation theorem, 

t 

G(A) = ]jG(Q)5if/G(M) 

i=l 

for some gi E G{A°°), which implies that 

t 

Xu = U(G(Q) n 3W)\G(M)/0(n). 

i=l 

Under this isomorphism, Cr gives rise to a local system on each space in the 
disjoint union. It is easy to see that on the i-ih piece it is the one induced by 
the constant sheaf on G(M)/0(n) with fibre r under the (G(Q) n^'?7)-action 
(as in (jl0.5p ). It will be denoted by Cr as well. By [Gro57j . corollaire 3 
to theoreme 5.3.1, H%{G{q) n 3^U)\G{W) /0{n), Cr) = if e > and r 
injective as (G(Q) H ^'C/)-module; in particular if r is injective as G(Q)- 
module. (Note that for the constant sheaf r, iJ*(G(M)/0(n),r) = for 
i > since G(M)/0(n) is contractible; see |Bre97j . thm. III.l.l for the 
comparison of sheaf cohomology with singular cohomology) . 

To check that the two universal 5-functors above are canonically isomor- 
phic, it is enough to identify them in degree 0. By (fT03]) . H°{Xu, £,.)^i(^)/^ 
is the set of locally constant, G(Q)-invariant functions / : G{A)/Ui{N)0{n) - 
r. By the strong approximation theorem, using that detUi{N) = Z^, such 
a function is determined by its values on G(M); by local constancy it is even 
determined by /(I) G r. It follows easily that the set of possibly values of 
/(I) is precisely = H^{T,r). This establishes the claim. 

Claim: The map of (5-functors H*{T, r) H*{Ti{N),r) is a (canonically 
split) injection. 
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As (r : ri(A^)) = 2, this is clear: 2 cores provides the sphtting, where 
cores is the corestriction map. 

Claim: The above canonical injection 

H'{X,Crf'^^'^ ^ H%Ti{N),r) 

of (^-functors is 7ii{N) = 'Hi(A^)-equivariant. 

Note that the Hecke action on the left is defined in terms of the G{A°°)- 
action of sublemma 110.61 whereas the one on the right is the usual one on 
group cohomology (see ^2.ip . Both Hecke actions are (5-functoriaI, so again 
it suffices to check the claim in degree 0. Given s £ Si{N), we know by 
lemma [lal] that the Hecke operator = [Ti{N)sTi{N)] G Wi(iV) corre- 
sponds to Ts = [Ui{N)sUi{N)] G nf{N). Moreover, the strong compatibil- 
ity implies that if Sj G Si{N) (1 < i < n) are chosen such that 

ri(iv)sri(Ar) = ]Js,ri(iv), 

then also 

Ui{N)sUi{N)=Y[s,Ui{N). 

An element of H'^ {X , Cr)^^^^^ is a locally constant, G(Q)-invariant function 

f ■.G{K)/Ui{N)0{n)^r 

which is determined by /(I) G C r^'^'y^\ By the sublemma, Ts{f) is 
the function sending g G G(A) to in particular, the image of 1 is 

Ylifi^-i) — J2^ifi^) — ('^6 used that / is locally constant). This 

verifies the Hecke equivariance. □ 

Fix an isomorphism t : C — Qp. 

Proposition 10.7. Suppose that n = 4 and that p > 2. Given fi G X(T)^ 
with fii + H4 = H2 + fJ-s and suppose that w is in the dihedral subgroup 
((1 2 4 3), (1 2)(3 4)) cSi^W of order 8. 

Then there is an irreducible, odd Galois representation p : Gq — GL4(¥p) 
with p\f^ = t{w, fj, + p), integers N prime to p and e > 0, a Serre weight F 
occurring as Jordan- Holder constituent ofW{fi), and a Hecke eigenclass in 

H%TiiN),F) 

with attached Galois representation p. 

Note that the definition t{w, p) in (j6.16|) makes sense even if (w, p) is not 
good. 

Remark 10.8. This all generalises to GL2m, m > 2, assuming that the 
automorphic induction needed exists and satisfies the required local com- 
patibility properties. Let us just state the general result and say a few 
words about the changes in the proof. Here one starts with p G X(T)_|_ 
with Pi + p2m+i-i being independent of i. The tame inertial Galois repre- 
sentations obtained are all t{w, p + p) where w G such that w respects 
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the equivalence relation induced by i ^ 2m + 1 — i. For generic such fi in 
the lowest alcove one thus obtains 2'"m!/(2m)! of all predicted tame inertial 
Galois representations in weight F(fi) (I6.26|) . 

The only part of the proof that does not immediately generalise is the 
construction of appropriate CM fields. The largest possible Galois group for 
a totally complex CM fields K of degree 2m over Q is the "hyperoctahedral" 
group A := (Z/2)'" xi Sm with Sm acting in the natural way. {It is the largest 
since it is isomorphic to the centraliser of an element of cycle type 2"^ in S2m- 
The subgroup ofw£ S2m defined in the previous paragraph is the centraliser 
of {1 2m) (2 2m— 1) . . . (m m + 1).) For each conjugacy class C of A we need 
to be able to choose such a K = K{C) which is unramified at p and with 
Frobp G C. First one finds a totally real number field of degree m over 
Q, unramified at p, whose Galois group is Sm and with Frobp £ C C Sm- 
( Use weak approximation on degree m polynomials over Q. In particular one 
may force that the Frobenius elements at auxiliary unramified primes are of 
all cycle types in their action on the roots. Finally an elementary lemma of 
Jordan says that no proper subgroup of a finite group contains an element 
of each conjugacy class.) One chooses an auxiliary prime q split in 
and uses weak approximation to find a G {K~^)^ such that (i) a is totally 
negative, {ii) ordq(a) is for all but one prime (\\q for which it is 1, {Hi) p 
is unramified in K = K~^{y/a), and {iv) the set o/p|p in that split in 
K correspond to the conjugacy class C. {By analysing the conjugacy classes 
of A one sees that the class of the Frobenius element in A is determined 
precisely by its image C in the Galois group of — i. e. the information of 
how many primes 'p\p there are in of each residue degree d — plus, for 
each d>l, the number of p of degree d that split in K .) 

The following lemma will be needed in the proof, whose proof is given on 
p. SH If ii' is a CM field, we denoted by its totally real subfield, so that 
[K : K+] < 2. 

Lemma 10.9. Suppose that p > 2. 

(i) The Galois group of a quartic, totally complex CM field can be either 
of7Ll2 X Z/2, Z/4 or Dg. 

(ii) There is a quartic, totally complex CM field K with Galois group 
A = Ds, unramified at p such that Frobp £ A is {a) trivial, {b) 
the complex conjugation, (c) a {non-central) element of order 2 not 
fixing , {d) a non-central element of order 2 fixing K'^ , or (e) 
an element of order 4. 

Note that (ii)(a)-(e) exhaust the conjugacy classes of A. The analogous 
result is true for the other two kinds of totally complex CM fields and also 
if p = 2 [HernOl §13]. 

For both the proof of the proposition and the lemma it will be useful to 
keep at hand a diagram of the subgroup lattice of -Dg , together with explicit 
generators of each subgroup. 
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Proof of prop. 10. 7\ By lemma I10.9( choose a quartic totally complex CM 



field K/Q, unramified at p, with normal closure L and Galois group A := 
Gal(L/Q) dihedral of order 8. The conjugacy class of Frobp will be irrelevant 
until the end of the proof. Let ij-{K) be the torsion subgroup of and let 
w{K) be its order; finally let c G A denote the complex conjugation (the 
unique central element of order 2). 

We now want to make a careful choice of a Hecke character x over K. 
For this recall (or notice): 

Sublemma 10.10. Fix an ideal f <l Ok- There is a bijection between Hecke 
characters x over K of conductor dividing f and 3-tuples (e, 6^,600); where 
e : — > (/]^ being the ideals prime to f), : {Ok/^)^ — C^, and 
€oQ ■ — > continuous such that for all x € , x prime to f, 

(10.11) eiix)) = e^{x)€oo{x). 

(By weak approximation, ef and are in fact determined by e.) The bijec- 
tion is determined by demanding that 

X{x) = e^{xfy^e^{xooy^e{{x)) 

for all x £ that are prime to f. 

Fix for each a : K ^ C an integer n^j with the property that n^- + Tig-c = w 
for all a (some w). These will be pinned down later. Let eoo : — be 
given by £00(2;) = |x| cr(x)"'^ . (Here, for x G A^, |x| is the norm on 
A^ and a{x) means a{xy) for the unique place f |oo which is induced by a 
on K.) 

Claim: eoo(O^) is finite, and hence contained in ^^(^)(C). 

Fix an embedding j : L — )■ C and for r G A let = nj^-^x- In partic- 
ular, rur + rurc = w for all r. It will suffice to show that JIt''"!")'"^ ^^^^^ 

{Oi)tor-free. For, jUr<-r^ = ^l")"'' t"'^'"' On O^. 

By the unit theorem, {0^)tor-free ^ Map(5oo,IK)o as A-module, where 
Soo is the set of archimedean places of L and the subscript "0" denotes 
the subspace of / : 5oo — ^ K with Ylv fi'^) =0- As A acts transitively 
on 5*00 with stabiliser (c), Map(S'oo, IK)o — M[A/(c)]o as MA-module, where 
the subscript "0" now refers to Y1a/{c) ^g9 with X]a/(c) ^9 ~ ^ (i-6., the 
augmentation ideal). It will suffice to show that for v € A/(c), the action 
of '}2/s,^tt{—) on G M[A/(c)] is independent of v. Indeed, 

mrTV = (ttIt-t + {w — mr)Tc)v' = w TV = w r 

reA TeA/{c) t6A/(c) TgA/(c) 

is independent of i>. This proves the claim. 

Note that L does not have any abelian totally complex CM subfields, so 
the claim implies that eoo{0^) C {±1}- 
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Using the Cebotarev density theorem, choose distinct rational primes qi \ 
2p (1 < i < t, any t > 3) that stay inert in K (equivalently, Frobg- G A has 
order 4). Denote by c\i the prime of K lying above qi. 

If a G and a = 1 (mod H 1*) then in particular eoo(a) = 1 (mod qi) 
(in the subring Z C C). But €00(0;) G {±1} by above and hence it is 1 (as 
Qi odd). Therefore eool^x can be written as 



where 9 is not uniquely determined! Letting A be the image of in 
(Ok / Y\c\i)^ , we see that 9 is determined by £00 on A but nowhere else (the 
characters of (O k / Yl / A separate points). 

Let Bp be the p-Sylow subgroup of {Ok/ H 1^)^ • Observe that 

t 

i=l 

This is because the size of the 2-torsion on the left-hand side is exactly 
2* > 8, whereas on the right it is bounded above by 4 due to the unit 
theorem. Therefore we can assume, without loss of generality, that 9 is non- 
trivial on Yli^iiiOx / ^i)^)*^' while being of order prime to p (simply first 
extend the given map on ^ to ^ • -Bp by making it trivial on Bp). 

Let f = n 1« ef = 9~^. Writing Cf = H (with the obvious meaning), 
we see that e^. has order not dividing qf — 1 for some i. By permuting the 
qi, let us assume that this happens when i = 1 and set c\ = c\i, q = qi- 

By construction, e^eoo is trivial on O^. Now e can be defined by (|1U.11|) 
on the finite index subgroup of j]^ generated by (x) with x prime 
to f and extended arbitrarily to /]^. The above sublemma yields a Hecke 
character x over K; we record here some of its properties: 

o X lias conductor dividing J| q j (prime to p) , 
(10.12) ^ Xqlc)X order dividing — 1 but not dividing q'^ — 1, 

Kq 

° xdlvfoo ^K^) order prime to p. 

By [AC 891 §111-6] we can consider the automorphic induction AIj^/q{x), 
which is obtained in two stages: first inducing along the cyclic extension 
K/K~^: n := AI^/^+(x); then inducing along the cyclic extension K^/Q: 
TT := A1k+/q{U). 

Let us write + p = {a,b, c, d), so that a > b > c> d and a + d = b + c. 
Suppose that the above chosen so that {no-lo- = {a, b, c, d} (note that 
there are only 8 possible choices as we demanded above that + n^c is 
independent of a). 

Claim: vr is a cuspidal automorphic representation of GL4(Aq) of conduc- 
tor prime to p to which prop. 110.21 applies with (ci, C2, 03,04) = (a, b, c, d). 
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Note the following facts about Arthur-Clozel's cyclic automorphic induc- 
tions: (i) they construct them using cyclic base change ( |AC89j . thm. III. 6. 2), 
(ii) global cyclic base change is compatible with local base change at all 
(finite or infinite) places (see |AC89] . thm. III.5.1), (iii) local cyclic base 
change is compatible with restriction under the Local Langlands Correspon- 
dence (see |AC89j . p. 71 in the archimedean case and [HT01| . thm. VII. 2. 6 
in the non-archimedean case). 

As X 7^ X'^ (look at either of the infinite components), 11 is cuspidal and 
is determined by 

where BCk/k+ denotes base change from to K ( |AC89j . bottom of 
p. 216). In particular, under the Local Langlands Correspondence the infi- 
nite components of 11 correspond to the representations sending 

z ^ \z\^ disig{z~°-z~'^ ,z~'^z~"-), resp. 
z ^ \z\^ diag(2;~''z~^, z^^z~^)^ 

for z G Wc = C ^ . Repeating the argument shows that vr is cuspidal and 
that under the Local Langlands Correspondence tToo corresponds to a rep- 
resentation sending 

z ^ \zf diag(z-'^z-^ z-'^z-", z-h-", z-'z-^) 

for z G Wq. As a ^ d and 6 7^ c, by the classification of representations of 
(see e. g. |Tat79] . (2.2.2)), this representation is the direct sum of 

fz^'^z-'^ \ 

3 ^ ((_l)a+d ) 

and the same with (a, d) replaced by (6, c). This shows that (ci, 02,03, C4) = 
(a, b, c, d) in the notation of prop. 110.21 

Let S be the set of primes / that either ramify in K or divide a prime 
where x is ramified. For Z 5", vr; is an unramified principal series which 
corresponds to 

(10.13) a;:=0Ind^;^XA 

\\l 

under the Local Langlands Correspondence (see [AC89j . pp. 214f). In par- 
ticular, the conductor A'^ of vr is prime to p. This establishes the claim. We 
get, for any e as in (|10.3p . an 'Hi(A^)-equivariant injection 

(10.14) (^oo)i/i(JV) ^ H^^TiiN), r) 
with r of highest weight /x = (a — 3, 6 — 2, c — 1, d). 
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Let S := Indp^'j^ x- Since 

i mod 4 

S is irreducible (this uses (jl0.12p ). The previous paragraph shows that 
and 7r„ correspond to each other under the unramified Langlands Correspon- 
dence for almost all places v. Therefore we can use corollary 4.5 of [Hen86] 
to see that at all finite places f , the L-factors (and even the e-factors) of 
and t:^ agree. In particular, S and vr are ramified at the same set of 
finite places (namely those finite primes at which the L-factor has degree 
less than 4; for vr this characterisation follows from |Jac791 §3]). It follows 
that S is precisely the set of prime divisors of N. 

For I f N, let ti = {ti^i, . . . ,ti^4} denote the eigenvalues of cJi(Frob/). It 

is known and easy to see that [G(Z;) ^ " • . ^ GCZi)] with i diagonal entries 

being equal to / has eigenvalue Si{ti)l^^'^~^^^'^ on 'irf'^^^\ where Si denotes the 
i-th elementary symmetric function. Therefore, with the notation of ^6.2^ 

[Ui{N)(^'-.. J Ui{N)] = [Ui{N)(^-.. J^^[/i(iV)] 

has the same eigenvalue on (7r°°)^i(^). Since this Hecke operator corre- 
sponds to j S TLi^N) by (jlO.ip . ()10.14p yields a Hecke eigenclass in 
H''{Ti{N),r) whose T^^j-eigenvalue is Si{ti) ■ /*(4-«)/2 (yi | jy, Vi). Equiv- 
alently, there is an eigenclass in H^(Ti{N),r ®c,t Qp) with T;^j-eigenvalue 

L{si{ti)-i'^^-'y^) iyi\N,yi). 

Claim: There is a Hecke eigenclass in H'^(Ti{N), F) with T/^j-eigenvalue 

LiSiiU) ■ ;^(4-0/2) 

(V/ \ Np, Vi) for some Jordan-Holder constituent F of W{fi) (as representa- 
tion of G(Fp)). 

By [Jann.Sj . II. 2. 9 and 1.10.4, r has a model M over Z(p) (a representation 
of the reductive group scheme GL^j-^^^^ ) . Let M denote its reduction mod p, 
a representation of GLn/r^- By [Jan03, 1.2.11(10)], M has a formal character 
compatible with that of r and M . 

By |Ser71j . §2.4, thm. 4, Ti{N) is of type (WFL). In particular, theri(A^)- 
module Z has a resolution with finite free ri(A^)-modules and, a fortiori, 
for any noetherian ring A, H^(Ti(N), P) is a finite A-module whenever 
P is a finite A-module with commuting ri(iV)-action, and H'^{Ti{N), —) 
commutes with flat base extension (see |Ser71] . remark on p. 101). 

Consider now only the Hecke operators T/^j with / f Np. For any Z(p)- 
algebra R, let r^ := M ®Zi^p-j R- Note that is a GL„(Z(p))-invariant 



46 



FLORIAN HERZIG 



Zp-lattice in = r (E)c,t Qp- Since 

i/^(ri(iV),rg^) - i7^(ri(iV),rQj 

(Hecke equivariantly) and this space is finite-dimensional over Q^, the si- 
multaneous generalised eigenspaces for T; j with I \ Np can be defined over 
some finite extension E/Qp. Thus the above set of Hecke eigenvalues also 
occurs in H^(Ti{N),rE)- Consider the following Hecke equivariant map: 

tor-free 

The image of the map is a lattice in H'^(Ti{N),rE)', this follows by looking 
at the long exact sequence associated to ^ ro^ te ^ fE/fOE ~^ 0- 
scaling the Hecke eigenclass in i?^(ri(A^), r^;), we may assume it lies in this 
sublattice and has non-zero reduction in {Ti{N) , ro^) t^r-free ®Oe ^e- 

Sublemma 10.15. Suppose that k is an algebraically closed field and that 
TC is a commutative n-algehra. If ^ V' ^ V ^ V" is a short exact 
sequence of TC -modules which are finite- dimensional over k, then a system 
of Hecke eigenvalues TC ^ k occurs in V if and only if it occurs in one of 
V or V". 

The only non-obvious part is to lift from V" to V . One decomposes V 
and V" as direct sums of simultaneous generalised eigenspaces for all T £ TC, 
each of which contains a simultaneous eigenvector. 

We can apply it to the Hecke equivariant map 

H%Ti{N),roE) ®Oe kE ^ H%Ti{N),roE) tor-free ®Oe kE 

and can thus, by enlarging E if necessary, lift the system of Hecke eigenvalues 
considered above to H^{Ti{N),roE) ®Oe ^e- 

Finally, the long exact sequence associated to — r^^ — r^^ r].^ — 
yields a Hecke equivariant injection 

H^{Ti{N),roE) ^Oe kE H'{Ti{N),rk^) ^ H%Ti{N),r^J. 

Thus there is a Hecke eigenclass in H^(Ti{N),rf ) with j-eigenvalue 

iisiiti) ■ li(^-iy^) (yi\N, vi). _ 

Note that the G- modules r^ = M (giFp Fp and W{^) have the same 

formal character: M and r have compatible formal characters as discussed 
above, and the formal characters of both r and W{n) are given by the Weyl 
character formula for the highest weight [Jan03t H.S.IO]. Now by | Jan03j . 
n.2.7 and n.5.8, and W{fj,) have isomorphic semisimplifications (as G- 
modules, and hence as G(Fp)-modules). By the sublemma, the same system 
of Hecke eigenvalues obtained in H'^{ri{N),rf^) also occurs in H'^{ri{N), F) 
for some Jordan-Holder constituent F of W{fi). This establishes the claim. 

The Hecke character r/ := X~^l-P^^ is algebraic with algebraic infinity 
type rjoo{x) = W a{x)'"-'^ . Recall the definition of the associated p-adic Galois 
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character rj^^^ (using the global Artin map; see e.g. [HTOlj . pp. 20f): 

(10.16) x^triix^) Yl T(xpf'-iM. 

Here, the convention is that T{xp) means r(x„) for the unique v\p induced 
by r on K. In particular, = ^{Xx^\-fx^) under the local Artin map 

for all A f p. 

Claim: The Galois representation 

is attached to the eigenclass in H^(Ti{N), F) constructed above. It it con- 
tinuous, irreducible, odd and its ramification outside p occurs precisely at 
all /|A^. 

Clearly, p is continuous. By Mackey's formula, using the local Artin map, 
for any prime I ^ p, 

X\l geGxIAGi 

By Frobenius reciprocity, /; acts trivially on the direct summand correspond- 
ing to the index {X,g) if and only if Ix = h and Tx\iy, = 1. Thus the claim 
about ramification outside p follows from (jl0.12p and the fact that S is the 
set of primes dividing A^. Specialising now to I = qwe even get: 

i mod 4 

Note that even the order of ZXq|/^ does not divide — 1, by (|10.12p . Hence 
p\Gq is irreducible; a fortiori, so is p. 
For / \ Np, we know that 

\\l 

is unramified. Using an explicit basis, we see that p(Frohi) has characteristic 
polynomial 

_^(p)(FrobA) 

on the A-direct summand. A similar consideration applied to cr; in (jlO.lSp 
shows that the eigenvalues of p(Frobi) are L{t'^^l^^/'^) (recall that the tij are 

the eigenvalues of cj;(Frobi) and that t]^^^\g^ = i{Xx^\-tx'^))- 

By the following simple computation, and the fact that S is the set of 
prime divisors of A^, we see that p is attached to the eigenclass constructed 
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above: for all / f Np, 



1=0 j=l 

Finally, note that 

= (lndg«(l)) , 

which has eigenvalues 1 and —1 twice each on complex conjugation. Thus 
p is odd and the claim is established. 
To determine p\i^, note that 

PIp imod/p 

where /p is the inertial degree. Also, as x is unramified at all p|p we get 
from (fniTH]) . 



•qyyi : Xp 



for Xp G nplp^.ft'p- -^i^ each p\p an embedding rp : ii' ^ which 
induces the place p on and denote by cp : Q^^' Qp^' the arithmetic 
Frobenius. Recall that the composite Ixp ^Kp ~^ ' '^^ere the first 
map is induced by local class field theory and the second the 
fundamental tame character 6p of level /p (see fSer72], prop. 3 with L = 
in Serre's notation; notice the different sign convention for the local Artin 
map). We get 

^■.xp^-.ef'-''^"^'''-''''^^' 

for XpeO^^. 

Now we let the ria vary through the 8 allowed permutations of {a, b, c, d} 
(recall that n^- + n^c has to be independent of a). To see which p\j are 
obtained for a fixed conjugacy class of Frobp G A, it thus only matters how 
complex conjugation acts on the set of p\p, and what /p is in each case. With 
the notation of lemma [l0.9( iv) we obtain t{w,p + p) where w can equal 1 
in case (a), (1 4)(2 3) in case (b), either of (1 2)(3 4), (1 3)(2 4) in case (c), 
either of (1 4), (2 3) in case (d), and either of (1 2 4 3), (1 3 4 2) in case (e). 
This completes the proof. □ 

Suppose that F = F(p) is a regular Serre weight and that t : Ip ^ 
GLn{¥p) is tame and can be extended to Gp. Suppose that F G W'^{t). 

Definition 10.17. 

(i) We say that an irreducible, odd Galois representation p : Gq 
GLn(^p) provides evidence for {F,t) if p\ip = r and F G W{p). 
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(ii) Suppose that none of the Serre weights in JH{W{p,)) lie on an 
alcove boundary (I3.1ip ; in particular they are all regular. We say 
that an irreducible, odd Galois representation p : Gq — GL„(Fp) 
provides weak evidence for {F,t) if p\ip = r, W{p) n JH{W{fi)) 7^ 
0, and W-{t) D JH{W{p)) = {F}. 

By JH(W{p)) in (ii) we mean the Jordan-Holder constituents of W{p) 
as G-L„(Fp)-representation. Let us denote by C the alcove containing p. At 
least for p sufficiently deep in G it is clear that all constituents of W{p) 
besides F lie in alcoves strictly below C, Thus if the conjecture correctly 
predicts the weights of r in all alcoves strictly below C, p provides actual 
evidence for {F, r) . 

Theorem 10.18. Suppose that F = F{p) with pi + p4^ = p2 + Ps lies 
sufficiently deep in one of the four possible restricted alcoves. 

If F £ Gq, and for 8 of the 24 tame inertial representations t with F G 
W-{t), prop. \10. 7| provides evidence for (F, r). 

If F e Gi (resp., C4, C5), and for 8 of the 48 {resp., 120, 192) tame 
inertial representations r with F E M^^(r), prop. \T07^ provides weak evidence 
for {F,t). 

Proof. Note that the Galois representations p obtained from prop. [102] sat- 
isfy F G T^-(p|/p) by ([626]). Also, by (lOHIl and dOO]) the set {r : F e 
VF^(t)} has cardinality #VF • {C : C" dominant, G' ] C}, where G is the 
alcove containing p. 

It remains to verify that W' {T)r\JH{W{p)) = {F] where r = T{w,p + p) 
(for one of the 8 values of t(j G as in prop. [T02|) . Suppose thus that F' £ 
W-{t) n JH(W{p)). Then there exists a constituent F(A) of W{p) as G- 
module (A G X{T)+) such that F' £ .JH{F{X)). Prom the proof of prop. EH 
in particular from (|9.2p . (j9.3p . it follows that there exist p' € X(T)+ and 
w' G W such that p' ] X ] p and r = t{w', p' + p). But (j6.29p implies that 
^' = A = ^, so that F' = F{X) = F{p) = F, as required. □ 

Proof of lemma \10.9[ (i) The Galois group is a transitive permutation group 
on four letters which has a central element of order 2 (as L is CM). The result 
follows by considering the centralisers of a 2-cycle (it is the Klein 4-group) 
and of a permutation of cycle type (2,2) (it is dihedral of order 8). 

(ii) It would be possible to give a proof which works more generally, as 
alluded to in (jl0.8p . We give a more direct argument instead. 

Consider K = Q{\/ a + b^/d) with integers a, b, d, with normal closure 
(over Q) denoted by L. If d > and — b^d > lie in different, non-trivial 
square classes of and a < then is a quartic CM field with dihedral 
Galois group of order 8. For, is a totally complex quadratic extension of 
Q{Vd), a totally real quadratic field. Moreover, K/Q is not Galois, as it 
would otherwise contain a square root of {a + b\/^){a — bVd) = — b^d > 0, 
which is ruled out by the assumptions. 
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Note that cases (c) and (d) are equivalent upon replacing K by one of the 
two quartic, totally complex subfields K' C L that are not conjugate to K. 
Let us henceforth assume that we are not in case (c). 

In addition to requiring a < 0, — b'^d > and d > 1 with d square-free, 
we also demand that 6 > 0, a < —{b'^d + l)/2 and that: 
o a = d = l,b = (mod p) and d] a in case (a), 
o (^) = —1, d = 1, 6 = (mod p) and d] a in case (b), 

o ( ^°~^ ) = —1, d = l, b = a — I (mod p) in case (d), 

o (^) = (^^^^) = -1 and d\ain case (e). 
(Choose d first and a last.) In the fourth case, choose d with (^) = — 1, 
(^^) = 1. Then a = d, b = 1 (mod p) will work. 

Clearly the conditions ensure that — b'^d and d lie in different, non- 
trivial square classes. The corresponding CM field K is unramified at p, 
as d and a? — b^d are prime to p. In the first two cases, is split at p, 
as (|) = (^^-^) = 1. Moreover Qp{Va + bVd) = Qp in the first, but not 

the second, case as the reduction mod p of a + bVd is a square, resp. a 
non-square, in . Thus K is as required in the first two cases. In the third 
case, is split at p whereas the other two quadratic subfields of L are 
inert at p, establishing that K is as in (d). The fourth case is similar with 
F := Q{y^ d{a? — h^d)) split at p and the other two quadratic subfields of L 
inert at p, once we see that F is indeed the subfield of L fixed by the elements 
of order 4 in A. As L = Q(q;, a') with a = \/ a + b^/d, a' = \/ a — b^/d, any 
element of A is determined by its action on a and a'. The conjugates of a 
are S = {±a, ±a'}. Given si, S2 G S, si / ±S2 there is a r G A such that 
T(a) = si and T(a') = S2 (as #A = 8). Thus an element of order 4 in A is 
given by r with r(a) = a', T(a') = —a. In particular, T{^/d) = —\fd and 
hence r fixes aa'^/d, as required. □ 

11. Weights in Serre's Conjecture for Hilbert modular forms 

In [BDJ| . Buzzard, Diamond and Jarvis formulate a Serre-type conjecture 
for Hilbert modular forms. Theorem 111.31 b elow will show that their weight 
conjecture in the tame case is related, via an operation on the Serre weights 
analogous to TZ in ^6.31 to the decompositions of irreducible representations 
of GL2(F) over Qp when reduced mod p (where F is a finite field of charac- 
teristic p) . They work with a totally real number field K that is unramified 
at p. 

Suppose that p : Gk GL2{¥p) is an irreducible, totally odd repre- 
sentation. A Serre weight in this context is an isomorphism class of irre- 
ducible representations of GL2{Ok/p) — np|p^-^2(^p) over Fp where kp is 
the residue field of K at p. Any such representation is isomorphic to (S)p|p 
with Wp an irreducible representation of GL2{kp). The weight conjecture 
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in |BDJj defines the Wp independently of one another in terms of p|/p. Let 
us therefore restrict our attention to a single prime p\p. 

Fix an embedding K ^ Qp inducing the place p on K. Let Ip := 
Gal(Qp/Kp'') denote the corresponding inertia subgroup. Let k'p C Fp be 
the quadratic extension of kp. Let f := [kp : Fp]. There are canonical fun- 
damental tame characters ip : Ip ^ kp of level / and ip' : Ip ^ (kp)^ of 
level 2/. 

For i G Z//, let be the p'-th power of k^ ^ Fp and for i e Z/2f let 

Xi' be the p*-th power of (kp)^ — > Fp . Also let tpi := XiOt/j for i € Z/f and 
:= Xifoip' for i G Z/2/. 

To describe the set Wser,p of isomorphism classes of irreducible represen- 
tations of GL2{kp) over Fp {Serre weights at p), note first that theorem 13.101 
shows that 

Wser,p = {F{a, b) : < a - b < - 1,0 < b < p-^ - 1}. 

If we write a — b = "^{Zq mip^, b = X]f=o^ ^iP* with < m,, bi < p — 1 then 
by the Steinberg tensor product theorem (13. 9p . 

/-I 

F(a,6) ^(g)F(6, + m,,6,)(P'). 

j=0 

Since F{bi + mi,bi)^ SynT^ Fp ® det^» (see M) . 

/-I 

^(«, ft) = (g)(Sym™' A;2 det^O I^p 

where i;^> : /cp ^ fcp is the p-power Frobenius element. This representation 
will also be denoted by r. 

Suppose that p is tame at p. Then we can write p\i^ = xi ® X2- We say 
that pl/p is of niveau 1 ifxf " = 1 (i = 1, 2) and of niveau 2 otherwise. Let 
us recall the definition of the conjectured set of weights W^{p) from |BDJj 
in the tame case. If p\j^ is of niveau 1, Wp{p) consists of all F^ g such that 

for some J C Z/f. li p\i^ is of niveau 2, Wp{p) consists of all g such that 

pk~(-" n* 

for some J C Z/2/ projecting bijectively onto Z// (under the natural map). 
Here we are abusing notation in that the indices of m and b should be taken 
"mod /" . 

Associated to each p\i^ define a representation Vp{p\i^) of GL2{kp) over 
Qp. The Teichmiiller lift will again be denoted by ~. For characters Xi '■ 
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kp — Qp , I{x1jX2) will denote the induction from the Borel subgroup of 
upper-triangular matrices to GL2{kp) of xi ® X2; whereas for a character 
X • (kp)^ — Qp which does not factor through the norm {k'^)^ — kp , the 
cuspidal representation k{x) of GL2{kp) was defined in (j4.6p . 

Definition 11.2. 

(i) -(/Pl/p ~ ( „ ,c' 1 is of niveau 1, 




(ii) -(//'l/p ~ ( of niveau 2, 

^p(H/p):=^(nA?)- 

Note that in (ii), i runs through Z/2/. In particular, Vp(/9|7p ®{x° ^)) — 
V'p(p|/p) ® X foi' any character X '■ kp — ^ Fp . Also note that this is the same 
as V{p\i^ ) in (j6.19p (in light of ^4.2p . We prefer to use the above description 
here as we can then use the decomposition formulae derived in |Diaj . (To 
identify his Q{x) with k{x), compare their characters at elements whose 
characteristic polynomial is irreducible using [DL761 7.3].) 

A regular Serre weight at p is any Serre weight g with < nii < p — 1 
for all i. The set of regular Serre weights at p is denoted by Wreg,p- Define 

■^p : Wreg,p ^ Wreg,p by 

7^p(F(a, 6)) = F(6 + (p - 2)EtoV, a), 
(compare this with TZ in ^6.3p . 

Theorem 11.3. Suppose that p : Gk — GL2{¥p) is irreducible, totally odd, 
and tame at p. 

(i) Wlip) n Wreg,p = 7^p( Ji/(V^(^) n Wreg,p). 

(ii) There is a multi-valued function lZext,p ■ Wser,p — Wser,p that 
extends TZo such that 



Wp{p) = ne.t,p{JH{Vp{p\i^))). 

The following definition of IZext.p will be shown to satisfy part (ii) of the 
theorem. Suppose that F = F{a,b) with 0<a — 6<p'^ — 1. We can 

write a — b = X]i=o "^-iP* fo^' some < mj < p — 1. Define a collection 
S{F) of subsets of Z/f by: S G S{F) if and only if for all s € 5, / 
and there is an i such that rui = p — 1, rrii^i = • • • = rug-i = p — 2 and 
{i,i + 1, . . . , s — 1} n S = 0. Then TZext,p{F) is defined to be 

\F{a',b') : 3S G S{F), a' = b - ^ p\ b' = a - P' (mod p-^ - 1)|. 

i<^S i&S 
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In particular, for this choice of 7^ext,pi if i*" is a regular Serre weight then 
S{F) = {0}, so 7^p(F) ='Rext,p{F) unless F is a twist oi F{{p - 2)Y,P\^) 
in which case TZext,piF) contains one more weight. 

The proof will require several lemmas, proved below. 

Lemma 11.4. Suppose that < rrii < p — 1 (i £ Z//). 

(i) Suppose that p\j^ is of niveau 1. Then F^j^ is a constituent ofVp{p\i^) 
if and only if 

for some J C Z//. 

(ii) Suppose that p\f^ is of niveau 2. Then ^is a constituent ofVp[p\i^) 
if and only if 

nip—l—mi \ 

for some J C Z/2/ projecting bijectively onto TLj f . 



Let me explain the idea of the proof of the theorem. The above lemma 
is the key tool that lets us relate the conjectured weight set W^(/9) with the 

decomposition of VpiyP\i^\ This works perfectly for regular Serre weights. In 
general the problem is that the number of constituents of Vj3(p|/p ) might be a 
lot smaller than #VFp (p). This suggests looking for a multi- valued function 
extending Tt. In view of lemma 111.41 we have to find rules to convert an 
expression of the form 

for some J C Z//, < a(i) < p — 1 and some character x into an expression 
of the form 

for some L dTLj f ^ 1 < < p and some character x' in such a way that 
the map 

does not depend on J and works equally well for the analogous expressions 
of niveau 2. The theorem shows, roughly speaking, that there are enough 
such rules to explain all of Wp (p). 

To make this principle concrete, consider / = 3 and a = (0, l,p — 1) and 
X = 1- It is very instructive to check that there are such rules giving rise to 
the following pairs (/?, x')- 

{{p,p,p-2),l), {{p,2,p-l),tl;^'^), {{p,P,p),iIj2^). 
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For example, here are two instances of the second rule: 



and 



In the end, these rules consist of multiple uses of the identity 

V'i+i = v-f+i • • • v^r^ 

when a{i) = ■ ■ ■ = a{j) = {a{i) = 1 is allowed if V'i is itself to be expanded 
in this manner!). Of course this works equally well for To compare 

with the formalism below, let us indicate in each case the corresponding 
choice of X: 

0,_l,_p-l, 0,^1, 0,_l,^p-l. 

Note that the last of these is not covered by the TZext,p we defined above. In 
fact, it is not hard to see that axiom A4 below could be weakened to: 

A4' If an T-interval is positive, its successor does not lie in any I- 
interval. 

This corresponds to removing the condition 7^ in the definition of 
T^ext,p above. If we denote this modified version of TZext,p by 1Z'ext,p then it 
is clear that any multi- valued function between TZext,p and 1Z'^xt,p (i- ^-i such 
that there is a containment pointwise) satisfies thm. I11.3l fii). 



For our purposes, an interval in Z// is any "stretch" of numbers = 
+ 1, . . . ,j} in Ti/f. The start and end points are remembered so that, 
for example, [[0,p — 1] 7^ [1,0] even though the underlying sets are the same. 
The successor of an interval p, jj is j + 1. 

Suppose that a is a function Z// — )• {0,l,...,p — 1}, and suppose that Z 
a collection of disjoint intervals / in Z//, each labelled with a sign (thought 
of as pertaining to the entry following that interval). Define the set £[o,p-i] 
to consist of all {a, I) which satisfy the following rules: 
Al For each interval I Gl, a{I) C {0, 1}. 

A2 If i G IJX then a{i) = 1 if and only if i is start point of an X-interval 

and « — 1 G IJ X. 
A3 lfi^\JI and a(i) = 0, then i-l£\JI. 

A4 If an X-interval is positive, its successor does not lie in any X-interval 

and has a- value in [0,p — 2]. 
A5 If an X-interval is negative, its successor lies in another X-interval 

or has a- value in [2,p — 1]. 

Note that every function a : Z// {0, 1, ... ,p — 1} can be equipped 
with intervals and signs satisfying these rules. 
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Similarly, suppose that /? is a function Z// — )■ {1, 2, . . . ,p}, and suppose 
that X a collection of disjoint intervals in Z//, each labelled with a sign 
(thought of as pertaining to the entry following that interval). Define the 
set >C[i^p] to consist of all (/?,X) which satisfy the following rules: 

Bl For each interval / E X, (5{I) C {p — 

B2 The set of start points of X-intervals is /3~^(p). 

B3 If an X-interval is positive, its successor does not lie in any X-interval 

and has /?- value in — 1]. 
B4 If an X-interval is negative, its successor lies in another X-interval 

or has /3- value in — 2]. 

Note that every function j3 : Z/f — {1,2, ... ,p} can be equipped with 
intervals and signs satisfying these rules. 

To define a map (j) : >C[o,p_i] — ^ ^[i,p]' represent a as the string of numbers 
a(0), a(l), . . . , a{f—l); underline each X-interval and put the corresponding 
sign just after the last entry of the interval. In this way the function (p has 
the following effect on each interval and its successor (it leaves all other 
entries unchanged): 

(1),0, . . . ,0, ^a, . . . p,p-l,...,p- l, ^a ± 1, . . . 
■ ■ ■ ,0,0, _ 1,0, . . . ^ ...,p-l,p- l, _ p,p- 1,... 
Lemma 11.5. The map (j) is well defined and in fact a hijection. 

Lemma 11.6. Suppose that a :'L/ f ^ {0, 1, . . . ,p — l}. Then the following 
are equivalent for a subset S C Z//.' 

(i) S G 5(Fp,_j_^^^) for some x. 



(iii) S is the set of successors of positive intervals in X for some X with 
{a,I) G /^[o,p-i]- 

Proof of the theorem, (i) This is a straightforward application of lemma fTl.41 
First consider the niveau 1 case. Suppose F G (p) and F regular. 
By twisting, we can assume without loss of generality that F = i^g^jg 
il<bi<p-l) and 



a constituent of Vp{p\i^). Applying TZp produces Reversing the 

argument yields the other inclusion. 

The niveau 2 case works exactly the same way. 

(ii) Step 1: Show that Tlext,p{F) C Wp{p) if F is a constituent ofVp{p\j^). 
Without loss of generality (twisting p and F) we may assume that F = 
(0 < rrii < p — 1). If p\j^ has niveau 1, then by lemma [11.41 we can 



(ii) S G cS(F._f_„^_^,) for all x. 




for some J C Z//. By lemma ril.4| the regular Serre weight is 
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write 

for some subset J C Z,/ f. Define a : Z// — )■ {0, 1, . . . ,p— 1}, i i-^ p — 1 — m-j. 
Given S E S{F), we can by lemma 111.61 choose a collection I of signed 
intervals such that (a,T) E £[o,p-i] ™d "S" is the set of successors of positive 
T-intervals. Let J+ (resp. J_) denote those elements of J that succeed 
positive (resp. negative) intervals of T. Similarly define and Jf. . Let 
Jo (resp. Jg) denote those elements of J (resp. J^) that do not lie in any 
interval of I. Note that 5 = J-f U J;^. Then 

(11-8) ;,,)n^r^nc' 

where 

xi=u^f^^' n n n (^rc-i-^n 

J+ Jo\(J+uJ_) JofiJ- j+ieJ-UJ^ 

and X2 is obtained by interchanging the roles of J and J^. Note that each 
■01 appears with non-zero exponent in precisely one of xij X2 (the way they 
are expressed here); call this non-zero exponent (3{i). It is not hard to see 
that (/)(a, J) = {(3,1). Thus 

L L'' 

for some L C Z// and all exponents /3(i) are in [l,p], so (Ill.Sh gives rise to 
a Serre weight F{A,B) E VFp-(p) (by (fTLTIl ). Combining equations (fTLT]) 
and (jll.Sp we find that 

Using this, we easily see that F{A, B) satisfies 

A = - y^^p\ B = y^^mip' -y^^p"- (modp-^-l). 
S'' s 
We are done except for showing that any other weight F{A', B') satisfying 
these congruences is in the conjectured weight set. But these congruences 
determine F{A,B) except for the pairs {F{x,x),F{x + p^ — l,a;)} and for 
all X, F{x,x) E W^{p) if and only if F{x + p-l" — l,x) E W^{p) (this follows 
directly from the definition). Therefore Tlext,p{F) C Wp{p). 
If pl/p has niveau 2, then 

for some J C Z/2/ projecting bijectively onto Z//. The argument is now 
formally identical to the niveau 1 case provided we replace each tpi by ipi' 
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and "I?, j] € X" in the subscript of the right-most product in the expression 
for xi by S X", where I is the set of intervals in Z/2/ which project 

bijectively onto the T-intervals in Z//. 

Step 2: Show that all weights F in Wp (p) are obtained in this way. 

If p\i^ has niveau 1, then we can twist by characters and assume without 
loss of generality that F = i^^.jQ (1 < (3{i) < p) and 

n..f') 

for some L C Z//- Define a collection I of disjoint signed intervals in Z// 
which is in bijection with (3~^[p), as follows. Whenever /3(i) = p and i £ L 
(resp. L'^) choose j such that all numbers in C {p—1}, li,j} C L 
(resp. L'^) and j is maximal with respect to these properties (i.e., j cannot 
be replaced by j + 1). In that case li,j} is the X-interval corresponding to 
i S P~^{p). We let it be negative if and only if /?(j + 1) = p or j + 1 e L 
(resp. L'^). Observe that (/3,X) G ^[i,p]- 

Let Si (resp. S^c) be the set of successors of X-intervals contained in L 
(resp. L'^). The notations Lq, Lq have the same meaning as in the previous 
part. Note that S = n Lq U S^c n Lq is the set of successors of positive 
X-intervals. We see that 

(11-10) Pk-{''' ^,)U^^ 

where 

xr = n ^f'^" n n n 

and X2 is obtained by interchanging the roles of L and L^. Every ipi occurs 
with a non-zero exponent in at most one of xii X2 (the way they are ex- 
pressed here); call this exponent a{i) G {0, 1, . . . ,p— 1}. By lemma fTTTil tak- 
ing into account the twist, this decomposition shows that F' = F^_^_^ ^^^^^ 

is a constituent of V^{p\ip) (here is the characteristic function of S). 

It is not hard to see that 0~^(/3,X) = (a,X). In particular, by lemma [11. 61 
S £ S{F'). Equations (fTLOl) . (fTLTOD yield 

We see that the weight in TZext,p{F') corresponding to G S{F') is F^_^^^ = 
F, and we are done. 

If has niveau 2, the argument is completely analogous (as in Step 1). 

□ 

Proof of lemma \ll-4\ (i) First let us show the implication . Without 
loss of generality. 



p\ 
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for some < rii < p — 1. By [Dia] . prop. 1.1, the constituents of V'p(p|/p) are 

the 7 where J C f and 
cj,dj ' ■' 



CJA 




1 if i E J 
- 6j{i) if i J 

if i G J 

rii + 6j{i) \ii J 

where bj is the characteristic function of {z + 1 : i G J}. Also, the convention 
is that F^^ = (0) if cj^i = — 1 for some i. Now note that 

Conversely, suppose without loss of generality that p\i^ is as in the state- 
ment of the lemma with 6 = 0. Note that whenever rrii = p — 1 it is irrelevant 
whether i G J or not. Thus for all such i we can prescribe whether or not 
i & J. There is a unique way to alter J in this manner such that for all i 
with rrii = p — 1, i £ J i — 1 £ J (the latter is equivalent to 6j{i) = 1). 
Note that 

Vp{p\i, ) = m K'"'"^' n Ar^'"^ i) ® n Ar n K'""^- 
= i{Y[ Ar'""'"'''^'^ n Ar^'"'''^'\ 1) ® n Ar n Af-'-'"\ 

J<: J J 

By our choice of J, all exponents of the first character in the induction are 
contained in {0, 1, . . . ,p— 1}. It follows from [Diaj, prop. 1.1 (using the same 
subset J) that -F^ g is a constituent of Vp[p\i^)^ as required. 

(ii) This works completely analogously, it is only more cumbersome to 
write out. Note that we can assume fh ^ p — 1 as on the one hand 

dimFp._j.g = pf > pf -1 = d\m.Vp{p\i^) 

and on the other hand p\i^ cannot be unramified up to twist (being of 
niveau 2). □ 

Proof of lemma Vll.5\ This is straightforward. □ 

Proof of lemma Vll.(A Note that the first two statements are equivalent, by 
the definition of S{F), to 

(i') For ah s G S, 

(a) a{s) j^p-l. 

(b) There is an i G Z// such that [i, s — 1] Pi S = and a{i) = 0, 
a{i + !) = ••• = a{s — 1) = 1. 

We will now show that (i') 44> (iii). 

First suppose that {a,T) G £[o,p-i] and let 5 be the set of successors of 
positive intervals. Then by property A4 (see p. IMj) . a{s) / p — 1 if s G S. 
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Moreover, a{s — 1) G {0, 1} and s — 1 ^ S (as s — 1 is in an interval). If it is 
1, by property A2 the preceding entry lies in a different (negative) interval 
and iterating this process gives the desired interval Ji, s — Ij. Note that the 
process has to stop (i. c, eventually we hit a 0) because s G S cannot itself 
lie in an interval (by A4). 

Conversely, suppose given S satisfying (i) and (ii). Here is a way to 
define I having S as set of successors of positive intervals and such that 
{a, I) G /3[o,p-i] (ill fs-ct it is the unique way). It is easier to define [jl 
first: we let ? G IJT if and only if there is a j such that C S"^ and 

a(j) = 0, a(j + !) = ••• = a{i) = 1 (in particular, this whole interval will 
be contained in IJX). We let i & \JI he start point of an X-interval if and 
only if i — 1 ^ |J J or i — 1 G [Jl and a{i) = 1. We let an T-interval be 
positive if and only if its successor is in S. 

It is straightforward to see that {a, I) G >C[o^p_i]; by definition S is the 
set of successors of positive intervals. □ 
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